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Figure 1: Composite image of the supernova remnant Cas A. Infrared data from the
Spitzer Space Telescope are colored red; visible data from the Hubble Space Telescope
are yellow; and X-ray data from the Chandra X-ray Observatory are green and blue



1 Introduction

In this exercise you will run different (small) simulationsof gasdynamic problems, the
results of which you are asked to analyze. There are two main parts. In the first part
we will be looking at so-called Riemann problems, in which two constant states are ex-
posed to each other, leading to the formation of different types of discontinuities. In the
second part we will study the interaction of a supernova blastwave with the supernova’s
environment, the so-called ’circumstellar interaction’ problem for supernovae.

In this introduction we describe the general details of the simulations.

1.1 Technical Details

All of the necessary files can be found in
/afs/astro.su.se/u/garrelt/Teaching/AstroGasDynamics/Lab or
in http://www.astro.su.se/ garrelt/AS7002 Lab. If you download it
from the web, be aware that your browser may damage the binaries (riemann and
supernova). The safest way to download them is with thewget program: e.g.,
wget http://www.astro.su.se/ garrelt/AS7002 Lab/riemann. You
will also need to turn on the executable permission for thesefiles.

Each of the two problems has its own executable which are calledriemann and
supernova. These executables have to be run on a Linux system by for example
giving the command./riemann. They will ask for input parameters, which can ei-
ther be given interactively, or using the Unix redirection option, from a file. If you
have collected the input parameters in a file (sayshocktube, you can run for ex-
ample./riemann < shocktube. It may be recommendable to keep the input
parameters in a file so that you have a record of what went into aparticular simulation.
Similarly it may be good to make a separate directory for every simulation run.

The required input is slightly different for the two programs, so it is described in
detail below. Both codes need to be told the size of the computational mesh (how many
computational cells should be used), the size of the domain on which the calculation is
done, some parameters describing the initial conditions, the time between outputs, and
the total time for which to run the simulation (time here means physical time, not wall
clock or CPU time). Theriemann program will also ask for the CFL number.

The codes produce two types of output, one to the terminal window, the other to
files. The output to the terminal is meant to monitor the progress of the simulation. The
code prints one line for every time step showing the number ofthe time step, the time,
size of the time step and the time when the next output file is produced. The output files
are ASCII tables containing four columns of the length of themesh. The four columns
are the position, the mass density (ρ), the momentum density (ρv), and the pressure
(p). For each output time a new file is created, and they are numbered sequentially
from output000.dat (initial conditions) to (maximally)output999.dat. How
many output files you generate depends on the frequency of outputs specified in the
input parameters.

The output files can be read into your favourite plotting program for further analy-
sis. Examples of plotting programs areIDL, gnuplot, supermongo, matlab,
etc. Ask me for help if you have problems plotting the results.

1



Both codes will run until one of these conditions is met

1. The specified end time is reached.

2. The generated flow patterns have reached an edge of the grid.

3. The maximum of 1000 output files have been generated.

4. An error has occured in the calculation of the evolution ofthe flow.

It is not strictly necessary to stop on condition 2, but sincethe purpose of the exercise
is to analyze the flow patterns, it is best if they are all contained on the grid.

If the code stops on condition 3, you should choose to generate output files less
often by increasing the time between outputs (specified in the input parameters).

Condition 4 shows that the numerical method used has its drawbacks. In fact
most numerical methods for gasdynamics have such draw backs, not every problem
can be handled by an off-the-shelf method. For the problems you are asked to study
below, errors in the numerical method should not normally occur, but it is important to
remember that the codes are not guaranteed to work for arbitrary initial conditions.

Both codes solve the Euler equations in one spatial direction, assumingρE =
p/(γ − 1) with γ = 5/3.

2 Riemann Problems

Riemann problems are defined by the initial condition

W(t = 0) =

{

Wleft : x < x0

Wright : x > x0

They can be thought of two constant states seperated by a diaphragm atx0 which is
removed att = 0. In the programriemann x0 is always the middle of the computa-
tional grid and is defined to be 0. To define the grid you only need to specify the size
of the domain. The initial condition for the Riemann problemis set by specifying the
left and right values of the density, velocity and pressure.

As input, the code also needs the so-called CFL number (should be set to a number
smaller than 1; for a safety margin, use a number in the range0.4 − 0.8, except when
asked to try a different value).

The Riemann problem for the Euler equations leads to two types of waves spread-
ing. The two types are shock and expansion waves. The possible Riemann configura-
tions are thus,

1. one shock and one expansion wave

2. two shock waves

3. two expansion waves.
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In each of the cases there will be a contact discontinuity in between the two waves (due
to the fact that we started with an initial discontinuity). In this lab, we will look only at
cases 1 and 21.

2.1 Shock tube

The first Riemann problem we will consider is the so-called shock tube.
A shock tube is a device used primarily to study gas phase combustion reactions.

A simple shock tube is just a metal tube in which a gas at low pressure and a gas
at high pressure are separated using a diaphragm. This diaphragm suddenly bursts
open under predetermined conditions to produce a shock wave. The low-pressure gas,
referred to as the driven gas is subjected to the shock wave while the high pressure
gas is known as the driver gas. The bursting of the diaphragm creates a compression
wave in the driven gas, which then rapidly steepens to form a shock front, known as
the incident shock wave. Simultaneously, a rarefaction wave, often referred to as a fan,
travels back in to the driver gas. The experimental gas and the driver gas make contact
at the contact surface, which moves rapidly along the tube behind the shock front (from
Wikipedia, the free encyclopedia).

We do not consider any combustion reactions here, but are instead interested in
the pattern of discontinuities. In fact one particular shock tube problem, known as the
Sod shock tube (Sod 1978), is one of the classical test problem for gasdynamics codes.
We will use the initial conditions of the Sod shock tube:ρL = 1, vL = 0, pL = 1,
ρR = 0.125, vR = 0, pR = 0.1 but since the code usesγ = 5/3, we are not exactly
doing the classical Sod problem (which requiresγ = 1.4). Use a domain size of 1.
A) To set good values for the output and end times, estimate a typical velocity from the
initial conditions given above.
B) Run the simulation and inspect for a late time the graphs forρ, v, p, as well as
the total energy densitye, specific internal energy densityǫ, the Mach numberM (in
the lab frame), and the entropy related quantitypρ−γ . Identify the three discontinu-
ities: expansion wave, contact discontinuity and shock, and motivate your choices by
identifying their characteristics.
C) In the same output, derive the shock strength (characterized by the Mach number
in the shock frame) and the shock’s velocity (in the lab frame) from the pre- and post-
shock conditions.
D) Measure the speed of the 3 discontinuities by looking at a range of outputs. Are the
values for the shock the same as derived under C)?
E) Try running with a CFL number larger than 1. If numerical errors occur before
the first output is produced, try changing the output time so that at least one output is
produced. What do the results look like?

2.2 Collision

A different Riemann problem is the one in which two flows collide. If the flows are
supersonic this will generate two shocks seperated by a contact discontinuity. The

1If you are curious you may also study a dual expansion flow. You will notice that the code is more likely
to generate errors in this case. To get a result choose velocities which are close to sonic.

3



simplest case would be a head-on collision between two flows.Since one can change
the reference frame to another one which is moving with a constant velocity (Galileo
transformation), there are in fact many variations on this theme. One suggestion is
ρL = 0.1, vL = 10, pL = 0.1, ρR = 1, vR = 2, pR = 1 The size of the domain can
again be set to 1. For the end time either experiment, or make an estimate as in case of
the shock tube.
A) Run the simulations and inspect for a late time the graphs forρ, v, p, as well as the
total energy densitye, specific internal energy densityǫ, the Mach numberM, and the
entropy related quantitypρ−γ . Identify the three discontinuities.
B) From the conditions before and after the shocks derive the shock strengths (char-
acterized by the Mach numbers in the shocks frame), the shocks’ velocities (in the lab
frame).
C) Measure the speed of the 3 discontinuities by looking at a range of outputs and
compare to the results from C.

3 Supernova Explosion

In the second part we look at a more astrophysical application. The programsupernova
calculates the evolution of the earliest phases of a supernova explosion when the stel-
lar atmosphere ejected by the explosion interacts with the environment of the star.
This process is often called “circumstellar interaction”,and Claes Fransson and Pe-
ter Lundqvist at Stockholm Observatory have both worked on this problem (see e.g.,
Fransson et al. 1996).

We will assume that both the supernova ejecta and the environment are spherically
symmetric, which allows us to solve the problem in one dimension, with as spatial
variable the radiusr.

The stellar atmosphere of a star exploding as a supernova canbe described by
a powerlaw of indexn, wheren is in the range 6–12. As the envelope expands it
decreases in density. Initially the expansion is completely unhindered, so the density
profile is given by

ρ = ρ0

(r0

r

)n
(

t0
t

)3

, (1)

whereρ0, r0 andt0 are reference values. In such a free expansion the velocity is given
by

v = v0

(r

t

)

(

t0
r0

)

, (2)

so it increases with position. At some point the whole atmosphere will have been
ejected but in our simulation we will not consider that transition.

The environment of the star could be the interstellar medium(ISM) of roughly
constant density, or more likely in the case of a massive star, the remnant of the star’s
stellar wind. In either case it can be described by a powerlaw

ρ = ρ1

(r0

r

)s

, (3)
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with a velocityv1 (which could be zero in the constant density ISM case). We will as-
sume a supersonic stellar wind, in which cases = 2, and the wind can be characterized
by a constant mass loss ratėM = 4πr2ρv1.

This configuration has an analytical solution found by Chevalier (1982). This solu-
tion is self-similar which means that apart from scale factors, the solution is identical
for all times.

The interaction between the supernova ejecta and the environment leads to four
zones:

1. Freely expanding supernova ejecta

2. Shocked supernova ejecta

3. Shocked environment

4. Undisturbed environment

separated by three discontinuities:

1. an inner shock where the stellar ejecta are shocked

2. a contact discontinuity between the shocked stellar ejecta and the shocked envi-
ronment,

3. an outer shock where the environment is shocked

In this sense it resembles the second Riemann problem we looked at above. However,
we are now working in the spherical coordinater, so the problems are not identical,
specifically, the flow variables are not necessarily constant within the different zones.

In astrophysical problems radiative cooling can often modify the flow. The program
supernova allows you to turn radiative cooling on and off. If you run with cooling
you should have a file calledcorocool.tab available in your working directory.
Without it the code will stop.

Below you will need the CPU time taken by the program. To get this, run the
program using thetime command:time ./supernova. After it finishes, it will
report (among other things), the (user) CPU time used by the program.

3.1 Adiabatic Simulation

We start without radiative cooling, so typen when asked whether to use it. We run the
simulation with the following parameters:

• mesh size: 4000 (or more)

• domain size:2.5 × 1015 cm

• n = 9

• r0 = 5 × 1014 cm

• ρ0 = 1.3 × 10−18 g cm−3
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Figure 2: Table 1 from Chevalier (1982)

• v0 = 5.8 × 104 km s−1

• T0 = 104 K

• Ṁwind = 5 × 10−5 M⊙ yr−1

• vwind = 10 km s−1

• Twind = 104 K

For the output times you can take 0.1 days, and for the total time 30 days. This will
lead to the outer shock running off the grid, at which point the simulation will stop.

Note that the variations across the grid for many quantitiesare such that it is better
to plot the logarithm (log10) of these quantities.
A) Look at the output for 9 days. Identify the four regions and three discontinuities (use
as many flow quantities as you think is useful). Measure the shock jump conditions and
derive the shock strengths (as measured by the Mach numberM in the shock frame)
in both the inner and outer shock.
B) The full set of parameters for the self-similar solutions isgiven in the table (Table
1). We will only use the ratios of the inner and outer shock position to the contact
discontinuity (R1/RC, R2/RC). Check these ratios for various times in the simulation.
Do the results match the self-similar solution for all times?
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C) The x-ray emissivity of a hot gas can be approximated by (free-free emission from
hydrogen2):

4πn(H+)n(e−)
fk√
T

exp

(

−hν

kBT

)

erg s−1 cm−3 Hz−1 (4)

with fk = 5.44436 × 10−39, n the number density (of protons and electrons respec-
tively), T the temperature,h the Planck constant andkB the Boltzmann constant. Cal-
culate the emissivity at a photon energy of 100 keV, with a bandwidth of 1 keV att = 9
days. Which region produces substantial amounts of x-ray emission? Next calculate
the total x-ray luminosity (at 100 keV) of the supernova by summing over all radial
points (remember that the volume of each cell is4πr2∆r. Do this for a sufficient
number of times to make an x-ray light curve (luminosity against time).
D) Run the same simulation with only 2000 points. Compare the necessary CPU time
with the 4000 points run. How can you explain the ratio? Hint:think of the CFL
condition.

3.2 Cooling Simulation

Run the same simulation, but now with radiative cooling on.
A) Look at the output for 9 days, and compare to the case without radiative cooling.
What has changed, and why?
B) Look in detail at the shock structures. Is the simulation resolving the cooling region?
If not, is it possible to make an estimate of the effective adiabatic indexγ for the cooling
shock? Can you find a resolution for which the cooling region is resolved?
C) Redo all of the x-ray calculation, and compare to the adiabatic result you found
before.
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