Astrophysical Gasdynamics: Exercises IV

December 10, 2007

18 Accretion disks

In the lectures we looked at the structure of an accretiok lolysconsidering a conti-
nuity equation and the tangential velocity. Here we look at the two other velocities,
ug andu,.

a) Write down the general equations for the evolution gtindu.,. Next write them for
the conditions of a steady, axi-symmetric disk:= 0, dur /0t = 0 andd/d¢ = 0.

b) Assume that the disk is thin, so that the scale helfjktc R everywhere. Show that
this leads to the result that ~ H2, wherec, is the sound speed, aitithe angular
velocity. The Keplerian speed at 1 AU around a & Mtar is about 30 km/s. How cold
does the disk need to be at that positioffif R ~ 0.01?

¢) Show that the above also implies that the ratio of the presgradient and the
gravitational force in the equation farz is very much smaller than 1. With this argue
that the equation fot i in fact shows us that the gas is approximately in Keplerian
rotation.

d) If the accretion disk has a positive pressure gradienat\dhviation does this cause
on the rotation velocity of the gas? Solid bodies such asgbémimals and dust grains
orbit in principle with Keplerian velocity. Why? If they expence a drag force from
the gas, do you expect them to migrate in or out in the case afséiy®e pressure
gradient in the gas? If the gas pressure has a local maximbat, do you expect the
solids to do? And at a local minimum in gas pressure?

e) What accretion rate is needed for an accretion disc arouni¥g protostar with
a 1 R, radius to produce a luminosity of 1.1? Is it likely that a large part of the
luminosity of such a protostar is due to accretion?

19 von Neumann Stability Analysis

The FTCS (Forward Time, Central Space) algorithm for the-dingensional linear
advection equation
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a) Using the technique of von Neumann stability analysiswsthat this method is
unconditionally unstable.
b) Rewrite the FTCS algorithm in conservative form, i.e.tevii as
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and find an expression for the flux functiéh,; /.

The BTCS (Backward Time, Central Space) algorithm for the-dimensional linear
advection equation can be written as
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A method like this in which the fluxes depend on the solutiarifie next time’,, ;1 is
calledimplicit.

¢) Explain how can you may use such an implicit method in jicadf the changes
needed to calculate the new solution depend on the newcolitsielf?

d) Use the technique of von Neumann stability analysis tavstihat this method is
unconditionally stable, i.e. there is not even a CFL conditi Explain why this is
reasonable.

20 Conservation

We take the Euler equations for an isothermal gas (1), with isothermal sound speed
cs = 1.

a) Argue that in the isothermal case we only need to considecantinuity and mo-
mentum equations.

n+1 n+1 n+1
-1 W W+l
= E o .
t] F-an i-1/2 Fi1 F+3/2
n n n
-1 W W+1
X 3

Now consider three cells of a one-dimensional mgsh,1, j, j + 1. The cell sizeAx
is 1. Our numerical method uses some recipe to calculateukest (pu, pu? + p)
at the interfaces of these cells. The initial conditionsimett,, for the state vector
W = (p, pu)T are as follows:

e (2,0.6),(?,1.2), (2, ?)



and at the end of time step at timg; = ¢, + At the state is
e (1.6,7), (2.4,-0.1), (2.4, 1.96)

The fluxes for the four interfaceg ¢ 3/2to j + 3/2) are
e (0.2,1.04), (0.6, ?), (?, 3.48), (0.8, 2.32)

b) Find the missing values in the state and flux vectors (bwidaning the update of
W” to W1 with these fluxed).

¢) Find the CFL number for the time steéy.

d) From the numerical values given above, find the flux recgezluDo you think this
is a reasonable recipe for this problem? (think of the dioacof the waves, i.e. the
domain of influence).



