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Abstract

The behaviour of numerieal mass-point models of ring shaped configurations in the contral layer of a
galaxy is integrated with an clecironic computer. Tnitial devistions from rotational symmotry are realized
in two different ways:

1. A slightly elongated massive ring, the apsidal line of which proeseds with the angular velocity of the
apsidal line of a dispersion orbit, is introdaced. This ring, that we call a dispersion ring, will have a
considerable degree of stability (Chapter 11), dispersion of matter being mainly along the ring, Tts
disturbing influence on circular motions in & surrounding, not. very massive central layer s treated in
Chapter TTT and summarized in Fig. 18. 1t is suggested that the action from a potentinl wave of this kind
18 responsible for the extended outer rings common in spiral galaxies of early type. The interactions
betweon a dispersion ring and onter massive rings ave digcussed in Chapter IV, They first result in the
development of a tightly wound spiral structure with leading arms that, at a later stage, Lend to ghift
aver into trailing ones,

2. Tn the second case a cireular ring is given a bisymmetrical density varialion along its circumference
which proceeds with approximately the angular velocity of circular motion. This density wave ig inti-
mately related to the stracture of a “bar’ in the system. This case is treated in Chapter V. A central

layer of circular motions praves to be unstable for a rather small initial amplitude of the donsity varia-
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tion, and breaks up under the formation of a spiral pattorn. The developments of the most importani
models are shown in Figs. 30-32. Also, in this case, the spiral arms come into being as leading ones, and
a bar grows ont of the initial density wave. The arms are drawn into the ends of the bar and generally,
at a later stage, tend to change over into trailing ones.

In all figures illustraling the computations, the direction of rotation is ¢lovkwise. The time counted

from the start of the computations is given in millions of ycars for each configuration.

I. The galactic model

Introduetion

The theoretical foundations of the present work are the investigations of the dynamics of
a flattened galactic subsystem by B. LINDBLAD ef al. during the last decade. These investiga-
tions have proceeded along two different lines.

The carlier approach is exposed in works by LINDBLAD, R. CouTrEZ and R. (. LaNGE-
BARTEL on the cxistence of density waves or waves of delormation in a quasi-spheroidal
stellar system. A summarizing representation of this theory is given by LINDBLAD and
LaxcEBARTEL (1953). Tt is shown that in a region of a flatlened subsystem, where the varia-
tion of angular rotation with the distance from the centre is slow, a certain scries of density
waves is possible. The angular velocities of the waves are close to the velocities of circular
motion in the same region. The most important one in this series is a bisymmetrical wave with
two maxima of density along a certain diameter in the system, and two minima along the
diametor at right angles to this. The wave is unstable for a ratio of less than } between
the minor and major axes of the spheroid. This wave is of fundamental importance in the
theory of barred spirals.

Along the second line of approach LINDBLAD introduces the conception of “digpersion
orbits’ as the orbits of particles that, in a certain rotating coordinate system, follow the
configurations along which dissolving clouds or associations are drawn out by differential
rotation (see Chapter [T).

E. HeepLe (1940) and G. RaNDERS (1940) have emphasized the importance of the occur-
rence of ring structures for the development of a spiral structure. Raxpurs showed that
viscous forces in the matter in the galactic plane will cause a redistribution of this matier
into circular rings placed in the regions where the circular angular velocity w({R) has
maximum. He supposed that such a ring structure would break down under the lormation
of a spiral pattern.

LINDELAD assumes rather that fair)y massive elliptical rings of interstellar gas may be
formed in regions where the angular velocitics of the apsidal lines ol the dispersion orbits
attain maximum or minimum. LINDBLAD (19585) proves the possible existence of sectorial
harmonic waves of deformation in the very flattened central layer of a galaxy under certain
restrictions in the central force field that seem to be [ulfilled in the Galaxy, The wave

proceeds with the angular velocity of the apsidal lines ol the dispersion orbits. This wave
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may be generated by a statistical combination and conglomeration of digpersion orbits,
and it proves that the massive elliplical rings mentioned will be able to carry such a wave
by their self-gravitational action. (For a summary of these considerations see LINDBLAD,
1954, p. 88.)

It appears that a massive ring can also maintain the density wave that proceeds with
approximately eircular angular velocity, and thus there is & connection here with the earlier
theory of the barred spirals.

The aim of the present work is to test and follow up numerically the theoretical considera-
tions, and the discussion is based most directly on the paper by LiNpBLAD (1958b). By
numerical computations of the motions in suitable galactic models, the behaviour of massive
ring structures carrying the different types of waves and their gravitational influence on the
development of the central layer will be investigated. The work by the Leiden astronomers
on the 21-ecm hydrogen line makes it possible to construct a model that rests to some extent
on an observational basis and shares certain fundamental properties with the Galaxy. The
basic principles of construction of the models are determined by the immediate object of the
computations and by the computer available.

The computer

The clectronic computer BESK was constructed and is run by the Swedish Board for
Computing Machinery. It has been in operation since the end of 1953. BESK is a parallel-
machine, and hoth programs and numerical data are stored in its memory and handled in
the operations as binary numbers. A number consists of 40 binary digits (whole word)
which corresponds to about 12 decimal digits. A whole word may also hold two instructions
of the program. The memory consists of a ferrite-core memory with a capacily of 1024
whole words, to which the computing clement has immediate access, and two maghetic
drums of 8192 whole words altogether, from which blocks of data or instruelions may be
Lransterred to the ferrite-core memory or vice versa at aspeed of about 1 msee per whole word.
The operation time for an addition is 41 usec. For multiplication the operation time is 266
psec and for division 512 usec.

The input in the machine is done with punched tape via a dieleetric reader which reads
400 characlers a second, where one character is 4 binary or onc decimal digit. The output
is done via a high speed punch which punches 145 characters a second on paper tape.

Since 1959 the machine has a “built-in” fluid binary point. However, all caleulations in
the present work were carried out with fixed binary point.

Some of the later computations were carried out on the new machine FACIT KDB installed
in the summer of 1959. The main difference between this machine and BESK in their present
states 1s the greater capacity of the new machine. Its ferrite-core memory is twice ag large,
and it has a magnetic tape memory with two tape stations {shortly to be incrcased to five)
cach holding 8192 blocks of 64 whole words. FACIT EDB has as vet no built-in fluid binary
point.
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Choice of model

As the most suitable model for the present investigation a mass-point model is chosen
where the conligurations, whose behaviour is to be studied, are represented by a number of
gravitating particles of equal mass moving in a central ficld of force F (). As in the present
work we shall limit our investigation to the central layer of the galaxy, all particles are
brought. o move strictly in the principal planc, and the whole problem is treated as two-
dimensional. The field of force # (k) then represents the force in the galactic planc exerted
by the main bulk of the mass of the system that will be sup posed to remain in an unperturbed,
stationary condition with axial symmetry. This main bulk of the mass may be considered
mainly to represent the population IT and the disk population. In the Galaxy these Lwo po ula-
tions together hold about 80 ¢, of the mass, have a smooth density distribution with strong
concentration towards the centre and show a moderate tlattening (J. H. Oorr, 1958, Table 2).

A practical Jimit to the number of free mass-points is sel, not hy the limited storage-
capacity of the computer but by the necessity of keeping the com puting time within reasonable
bounds. The number must be taken sufficiently large to give a fairly continuous representa-
tion of the configurations studied. Nevertheless, owing to the long computing times, the number
had to be restricted in the present computations to such a degree that the individual masses
would be of the order of 107 M4 to give large enough masses to the contigurations deviating
from rotational symmetry. Thus the particles do not represent single stars, but fairly large
clouds of stars, dust, and gas. In the case of a close encounter between such mass points
the Newtonian force of attraction has to be replaced by some other force function, or the
forees will grow beyond all limits. Considering the cloud-character of the particles it is
thought not unreasonable to surround the mass-points by circles with certain radii Aqy,
inside which the force of attraction increases proportionally to the mutual distance A between
the points, and with such a rate that for A = Ay, the force is equal to the Newtonian gravi-
tational force. A fairly large value of A, will enhance the continuity of mass-distribution
along the confligurations, and will reduce the rate of increase of the velocity dispersion due
to elose encounters between clouds.

As a suitable, consistent representation of the force in the principal plane the force given
by the model of the distribution of mass in the Galactic System, deduced by M. ScEMTDT
(1956), has been adopted. ScuMIDT’s final model consists of four non-homogeneous and nine
homogeneous spheroids. A distance R = 8.2 kpe from the Sunto the galactic centre is assumed,
and the density law of the non-homogeneous spheroids and the parameters of the homogeneous
ones are chosen so as to reproduce the constants A = 1 19.5 kmjsec- kpe and B= 069
km/sec - kpe of ditferential galactic rotation, the mass density 0.093 M z/pe® in the solar neigh-
bourhood, and the run of the force in the galactic plane for 0.84kpe < /i = 8.2 kpe as deduced
from 2l-cm obscrvations of hydrogen velocities by K. K. Kwur, C. A, MvLnee, and
(+. WesTERIoUT {1954). The manner of constructing the model implies that gravitation alone

is respongible for this force. The total mass of the model is 7.02- 10t M.
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TasLE 1.

Iy 2 R F R F R F
Lkpe 100 km?sec? kpe kpe 100 km®*/sec? kpe]  kpe 100 km?fsect kpe|  kpe 100 km?®/sec® kpe
0.0 4] 5.5 849.1 11 30.8 22 6.4
03 215 6.0 84.0 12 25.2 24 2.4
1.0 207 6.3 8.7 13 20.8 25 5.4
1.5 175.3 T:d T2.7 14 17.4 26 4.6
2.0 155.5 7.5 66.2 15 14.9 28 3.9
2.5 141.0 8.0 59.5 16 12.9 30 3.4
3.0 129.5 8.5 52.9 17 1.3 342 3.0
3.5 119.2 9.0 46.9 18 10.0 35 2.5
4.0 110.3 9.5 41.9 19 8.9 40 1.9
4.5 102.5 10,0 374 20 N0 45 1.5
5.0 b6 10,5 34.0} 21 | 7.2

The reduction of the 21-em observations involves the assumption of circular velocities,
an assumption that is not exactly correct. However, deviations may not have a large in-
fluence on the deduced F(R). The picture of the hydrogen arms as dispersion orbits pro-
posed by B. LINDBLAD (1958a) would give an increase of £ (£) of about 4 per cent, The value
of the assumed mass density ncar the Sun is somewhat smaller than the recent figure
0.15 M fpe® given by Oorr (1960). Some further doubt as to the correctness of the funda-
mental constants on which the model iz founded, is caused by the necessity to introduce a
large class of unknown objects with a steep density gradient near the Sun. ScamipT (1958)
estimates that the values 4 =15 km/sec-kpe, 8= - 10 km/see-kpe and R, — 10 kpe would
obviate this drawback. However, the exact form of F(R) is not crueial for the present
problem, as the aim is not to reproduce the Galaxy but rather conditions prevailing in a typical
spiral system. A slight revision of this force will not ¢change the main results of the computa-
tions,

The force F(R) as used in the present work is deduced by differentiation of Scumrpr’'s
Table 10 and is given in Table 1 and Fig. 1. Table 1 is stored in the machine, and #(R) is
interpolated Lo the second order by the computer. For R = 40 kpe the force is given by

3012

FR)="p

(100 km*/sec® - kpe)
in accordance with Scamivr. The mass-points to be added will, of course, slightly modity
this force. Finally, Table 1 stored in the machine may casily be changed into any other
tunction that can suitably be interpolated between the same arguments, and the table has
actually been thus modified in some computations.

No attempts to apply magneto-hydrodynamic [orces have been made in the present
work. Some experiments have heen made Lo aceount for gas-dynamical friction by letting
particles at close encounters share their velocities in a special way, bul the results were not

very satistactory. Magneto-hydrodynamic forces have been introduced in a special case,
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Fig. 1. The force F in the galuctic plane us a function of the distance 1t from the centre according to the Schmidt
model, Open circles refer to observations of the 21-em line (SCHMIDT, 1956, Tuble 1).

according to ideas developed by AINa FLvivs, in a recent paper by AINa ELviCs and P. O.
LmwperLap (1959) where computations were made with the programs of the present work.

A different possibility to that of the mass-point model would be to use & model correspond-
ing to a gravitating continuum. The galactic plane would in that case be divided into a
orating of small squares with fixed positions, the velocitics and dengities of matter in these
cells being the variables. As the computation of distances between the particles is by far the
most bLime-consuming operation in the mass-point model, the advantage with the cell model
would be the use of fixed distances. However, the number of elements would have to be
very large in order to provide a fine enomngh grating, and the capacity of the computer would
not nearly suffice. Further, if the velocity should not be a single-valued function of position,
it wonld be nccessary to take into consideration the distribution of velocities within each
cell and thus to introduce a four-dimensional phase space with even higher claims for storage

capacity.
Computing programs

The numerical integrations of the equations of motion for the mass-point models have
been performed at the clectronic computer by means of two programs, here called E and
F. They treat two different versions of the present problem. Program E computes the
molions of a number of massive mutually attracting particles in the central force ficld ¥ (R),
and program F the motions in a rotating coordinate system of particles of infinitcly small
mass under the combined influence of the force F(R) and a system of fixed mass-points, In
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addition there is a series of auxiliary programs for a number of shorter computations, nec-

essary when deriving initial positions and velocities for the different models. A punched tape

containing these initial positions and velocities can thus be produced more or less automati-

cally once the parameters of the model are given. 'This makes a change of parameters very easy.
A description of the various programs is given in the Appendix.

II. Dispersion rings
Theory

The theory of dispersion orbits has been developed by 13. LINDBLAD in a series of papers
(B. Linnsrap and F. Nanon, 1954; B. LixpBLAD, 1955-1958). Some formulae will be re-
produced here in order to define some general notions.

We study the motions in the principal plane in a coordinate system centred at the centre
of the galaxy and rotating with a certain constant angular velocity w’. Let £ and 6 be the
polar courdinates. For a particle, the orbit of which does not deviatc much from a circle
with radius R,, we get, introducing the differential radial coordinate

§=R~R,
to the first order, the well known epicyclic motion
E=c,-Feeosx(t ) (1)

9
0 Oy= (=)t~ t) -5 ¢ —-= " sinx (U~ t,). 2)
o' L =

Here ¢,. ¢, 6, and ¢, arc the arbitrary constants. w is the cireular angular velocity de-

fined by

2 F (&)
0=
and x—3wi+ gg

both quantities valid for K=R,—¢,. Thus both w and » vary with ¢,.
Assuming o' +w we may put approximately, as ¢/R is supposed 1o be small,

P

4 ‘
£—=¢, 4 ¢ cod 6—1,).
= x [42] (u’( 0)

We introduce o w—— (3)

and oblain E=¢, -l ccosn(f—0,). (4)

This is the shape of the orbit in the coordinate system rotating with the angular velocity
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TaBLE 2.
R 1) »® @ _;_; n w o w— 5
kpe kmfsee - kpe | kmfsec-kpe | km/sec«kpe kpe kmizec - kpe | kmysec-kpe | kmjsee-kpe
2.0 88.2 141.7 17.3 12.0 14.5 1.5 8.8
5 74.1 120.0 14,1 B 13.5 10.2 8.4
3.0 65.7 103.9 13.8 13.0 12.6 9.6 7.9
A H8.4 41.0 12.8 5 11.8 0.3 7.2
4.0 52U 814 1.8 14.0 11.2 9.2 6.6
R 47.9 73.3 1.1 -5 10.5 9.2 5.9
5.0 43.9 G6.4 10.5 15.0 10.0 8.9 2.0
.5 40.3 61.1 9.8 1 9.4 R.A 6.2
6.0 37.4 56.2 0.3 16.0 9.0 3.0 3.0
R 34.8 ALl 0.8 i 8.6 7.4 4.8
7.0 32.2 43.2 10.6 17.0 8.2 7.1 4.6
B 20.7 6.3 11.6 B 7.8 6.9 4.3
3.0 27.3 20.7 124 18.0 7.4 6.7 4.1
a5 23.0 24.5 127 ) 7.1 6.6 3.8
9.0 22.¢ 21.3 12.2 19.0 6.8 6.5 3.6
5 210 149.8 11.1 .3 6.6 6.4 3.4
10.0 144 18.5 10.2 20.0 6.3 6.0 3.3
a 18.0 Ll A 2.4
11.0 16.7 15.2 2.1
A 15.6 13.0 9.0

Now, a cloud of particles with somewhat differing values of ¢, will disperse along a certain
configuration due to the differential rotation. If we choose «’ such that » does not vary with
the first order variations of ¢, i.e., according to eq. (3), such that

then (4) gives the shape of that very configuration. The orbit of the particle is then called a

’

dispersion orbif. As the coefficient o — ' of ¢ in eq. (2) varies with ¢,, there will be a con-
siderable dispersion of particles along the dispersion orbit. Tmportant cases are when the
dispersion orbit is closed, i.e. when = is an integer.

Table 2

F(R). The relation hetween x and w is illustrated in Fig. 3. Tn this figure the lincs @ — = — 0

and Tig. 2 show how @ and » vary with R in the present model of the force
and  -- §x = 1L.2 kmjsce-kpe are drawn. As is pointed out by B. LINDBLAD (1456), the
points from the inner region of the Galaxy adhere in a remarkable way to the line @ — J2 —
const., whereas points from the outer regions approach the line @ =x. Thus, in the inner
regions the average value of n =dx/dw — 2, the closed dispersion orbits are cllipses with
their centres in the centre of the Galaxy and with their apsidal lines turning approximately
with the angular velocity o' — @ — 32 = 11,2 kmjsec-kpe. In the outer regions » = 1, and
the dispersion orhils are Keplerian ellipses with apsidal lines fixed in space.
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Fig. 2. The variation of the circular angular velority w and the frequeney » of radial oscillation as a funelion of
R in the Schmidt wodel. In acdition the angular velocity w — 3x of the apsidal Tine of a “special orhit™ with two
muxima of racdiug vector is given.

Fig. 3. Relation between @ and xz in SCAMIDT s model.

As a comparison Fig. 4 gives the relation between x and o in the Andromeda Nebula as
derived [rom observations of the 21-ermn hydrogen line by H. C. vay v Hursr, E. RATMOND
and H. van Worrnex (1957), and for M 81 as derived from the velocity curve given by
G, Mt~er (1959). For the Andromeda Nebula a distance of 630 kpe is assumed. The lines
o —x, and @ —fz — 10,0 and 14.6 km/sec-kpe respectively are drawn as [ull lines in the
figure,

B. Lixperap (19584) has proved the possible existence of sectorial harmonic waves in
very flattened subsystems in a galaxy where the relation between o and % has the same
character as in Figs. 3 and 4. As long as » is fairly large the angular veloeity of the wave
is approximately o  3x.

Also for a particle that moves in an orbit where dx/de =2 we will always get a closed
orbit with two maxima of the radius vector in & coordinate system rotating with the veloecity
¢ — e — ¥, This orbit is called a “special orbit”. Due to the variation of @ and x with the
mean radius of the orbit, different speeial orbits will bave different angular velocities w; of
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Fig. 4. Relation between « and % in M 31 and M 81,

their apsidal lines. However, as the curves in Figs. 3 and 4 adhere rather closely to a line
@ — 3% - const., the variation of @; will be small within large intervals of E. In fact, in the
present model o, keeps within the limits 9.3 and 12.8 km/sec-kpe for the entire range of
R from 3.5 to 10.5 kpe. LINDBLAD suggests that this multitude of special orbits with only
slightly differing angular velocities of their apsidal lines will amalgamate due to gravitational,
viscous, and maybe magneto-hydrodynamie forces, and form massive elongated rings in the
regions where o - 3 atltaing maximum or minimum, i.e. where dx/dw = 2 and the special
orbits are dispersion orbits as well. The deformation of the rings would then proceed as
harmonic waves with nearly the angular velocity o — $x. We will here call theze massive
configurations “‘dispersion rings”.

In the next section we will investigate with the aid of numerical models the temporary
stability of such dispersion rings. Then in Chapter 111 we shall study the perturbing influence
of the rings on motions in the galactic plane and in Chapter IV the mutual interaction hetween

several massive rings.

Construction of a model dispersion ring

The making of a numerical model of an idealized dispersion ring involves threc steps.
1. The orbit of a particle in the field #(R) is computed by means of program C (see the
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TasLE 3.
’ =
s a b 5 il : Wy I3 - R
Orbit kpe kpe bl 10% years 0 km/sec - kpe | 10€ years 5 kpe
T 9.3 7.4638 0.8 117.4869 17329260 12.1855 0.25 64 B.4558
11 6.7 5.3468 0.8 53.4276 120.5580 9.4045 0.125 43 8.0576
I 5.0 3.5178 0.7 40.0355 116.3100 11.2101 0.125 438 1.31

TaBLE 4. Positions and velocities aleng the first quadrant of dispersion orbits I-111,

z ] & ¥
kpe kpe kpef32 - 108 years kprf32 - 108 years
|
I 0.2907 9.2091 25337 ' 0.1370
0.8724 9.2291 25375 —0.4128
1.4554 9.1023 2.5439 —0.6944
2.039% 8.9048 2.5504 —0.9854
2.6256 8.6491 25534 -~ 1.2593
3.2111 8.3168 25476 —1.6092
3.7936 7.9091 2.5259 —1.8479
4.3685 5.4214 2.4800 — 2.3057
49291 £.8496 2.3999 —~2.6811
54664 6.1900 2.2749 — 3.06%7
5,9689 54410 2.0944 — 3.4586
6.4227 4.503% 1.8498 —5.8357
6.8124 2.6832 1.5363 —4.1802
7.1227 2.6896 1.1561 — 4.4688
7.3388 1.6384 0.7192 —4.6777
7.4498 0.5504 0.2442 — 47877
118 0.3221 6.5875 4.4596 —(.3465
0.9632 6.5874 14157 —1.0400
1.5946 6.3872 4.3253 —1.7347
2.2004 6.0867 4.1829 —2.4294
27993 3.6861 3.9812 —3.1193
3.3554 5.1868 3.7114 —3.7960
3.8670 4.3015 33642 —4.4463
4.3223 3.9058 2.9818 —5.0524
4.7091 3.1362 24096 —3.5500
5.0139 2.2962 1.7099 —6.0314
5.2230 1.4011 1.1148 £.3474
5.3332 0.4710 i 0.3778 ~6.5127
III 0.2045 4.9809 5.9213 —0.3188
0.6121 49181 3.8924 — 1.0473
1.0151 4.7723 3.8320 —1.7480
1.4000 4.5536 3.7342 — 24514
1.7922 1.2612 15907 — 315538
2.1566 38956 3.3001 3.8562
2 4966 3.4576 31168 —4.5425
2 8040 20493 27623 —3.1975
3.0692 2.3758 23082 - 5.7934
32817 1.7443 1.7506 — B.B008
3.4300 1.0667 1.0972 6.6723
3.3080 0.83590 (.3743 BT
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Fig. 5. The shapes of digpersion rings T-I1T.

Appendix). The particle is supposed to start in the apocentre, and the program locates the
pericentre and evaluates the time T spent in the orbit between these two points. The initial
velocity of the particle is chosen by trial and error so as to give a desired ratio between the
largest and smallest radius vector. Three such orbits were computed, and the data are given
in Table 3. « and b are the extremum values of the radius veclor and 6 the angle between
the apoeentre and the pericentre as seen from the centre of the galaxy. % is the original in-
tegration step. The angular veloeily w, of the coordinate system, in which the orbit is closed

v

with two maxima of the radius vector, i.e. ig a “special orbit”, is given by
? v

m, will be a certain mean value of w — {# over the orbit. As may be scen by a comparison
with Tlig. 3, orbit I is chosen to cover a region where @ — §» has a maximum and dx/de
a mean value 2. Orbit I covers a region where @ 4x has a minimum and dx/do again
averages 2. The innermost orbit 111 is more elongated than the other two, and «» - }x averages
the mean for the whole inner part of the systeni.

2. The same orbits are now computed with program D in a Cartesian coordinate system
turning with the angular speed ;. Positions and velocities in the first quadrant of the now
closed orbit are printed at equal intervals of time and the remaining quadrants may he
formed by symmetry. The numbers of points N that arc to compose the dispersion rings are
given in Table 3 and the results are shown in Table 4 and Fig. 5. 1f the dots in the figure
arc thought to represent particles of equal mass, they reproduce the shape of and the distri-
bution of mass along an idealized dispersion ring, where matter has been smoothed out
along the ring during an infinitely long time. The mean radii R of the orbits, defined as the
average of the radii vectores for all N particles, are given in Table 3.

3. In a coordinate system at rest the angular speed w; has to be added to the velocity
vectors of Table 4, Turther, when finite masses are assigned to the particles, we have to
balance the ring against self-gravitation by a small increase of the wvelocities. Both these
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adjustments are made by program H. The compensation for self-gravitation is made by
“individual balancing” (see the Appendix), and as the radius of curvature § of the individual
orbit the average rading R of the dispersion orbit is inserted. The dispersion rings are now

ready to be studied by means of program E.

Integration of the motions

The aim of integrating the motions of the dispersion rings, formed in the way just deseribed,
is at first hand to check whether these rings are reasonably stable during a time sufficiently
long to make them of importance for the development of the structure of the central layer.
If the configurations are found to be thus stable, the rate of advance of the apsidal lines,
to be used in future applications, will he determined from the computations.

It is & natural aspiration to keep the mass of a perlurbing configuration or wave as low as
possible from the start. On the other hand the perturbative effects must be able to
develop within reagonable time. As an appropriate order of size of the muss of a single particle
m — 16-10% M was chosen, or more exactly defined, if ¢ is the constant of gravitation,
Gm = 68,965 kpe-km?/sec?. This m is here adopted as the unit of mass.

The motion of dispersion ring 1 was integrated in five different runs with program E
(see Appendix), and the parameters arc listed in Table A: 2. m was first given unit value,
which gives the ring a total mass of about 1.5 %, of the mass of the entire system. The limiting
distance A, inside which the attractive forec from a mass-point varies proporiionally to
the distance, was chosen at 0.8 kpe in the first run. The parameter D of the slep-size control
was given the value 0.15 kpe, which permitted the machine to keep the maximum inlegra-
tion step 32-10° years. The computation was carricd on up to 768-10% years. The results are
shown in Fig. 6, where the time with the unit 108 years is given for each configuration. The
point. that at the start is placed just in front of the apsidal linc is marked with a cross. 1t
is seen how the mass-points describe the circumference of the ring at the same time as the
apsidal line turns clockwise. After some 300-10% yvears there appears a bend in the ring (not,
shown in the figure), and shortly afterwards a gencral dispersion of the particles gets in,

As it was thought that the bend in the ring might be caused by the discontinuity of the
derivative of the force introduced by the limiting distance Ap,,, this distance was given a
new value 1.133 kpe. With this value the two closest neighbours of each particle, but not
morc than two, fell inside that limiting circle in the initial configuration. This arrangement
makes the particles more equivalent from the start and may reduce tho appearance of bends.
Although this particular distance does not retain this property in other configurations, it has,
for the sake of uniformity, been kept in most computations. At this distance the attraction
from a particle of unit mass is of the order of the attraction from the entire ring I, and 0.01
of the central force ¥ (&) at the average R of the ring.

With this value of A, and m equal to the unit, the motion of dispersion ring I was com-
puted with three different step-sizes, 8, 16 and 82« 108 years, and the results are shown in Tig. 7.
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Up to about 600-10¢ years the development is practically identical in the three cases. From

there on the figure divides the sequence into three branches according to the three ditferent

step-sizes. The apsidal line turns in all three cascs with an angular velocity o' of 12.6
km ‘sec-kpe, which is exactly half the value of @ when account is taken of the selfgravitation
This is in agreement with the circumstance that o - x in this region (IFig. 3).

of the ring.
After some time the points disperse due to the effects of close encounters. TTowever, the

configuration being a dispersion ring, the dispersion mainly takes place along the ring, which

seems to possess u [airly high degree of stability.

In the Appendix is described how these three runs with different step-sizes have been used
for an estimate of the progressive errors of integration. The dispersion orbit shows the same
al behaviour in all threc cases. Differences are due to different accuracy in com-
rease of angular momentum reflected in the increasc of

fundament.
puting close passages and to an inc
areal velocities. Tn the choice of the proper step-size, one must remember that we arc not

interested here in computing close passages with high accuracy. hut on the other hand it is
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of course necessary to watch carcfully for systematic effects, especially when resonance
phenomena are at play or non-dispersion configurations involved.

The dispersion effects due to close encounters are much less for Ay, = 1.133 kpe than in
the case A, = 0.8 kpe (Fig, 6), where the largest possible attraction between particles is
about twice as large. In the case of the smaller A, the dispersion becomes appreciable
already after 600:10° years compared to about twice that time for the larger value. The
computations were repeated with an # amounting only to hall a unit, and the result after
864-10% vears is shown in Fig. 8. It is seen thal the scatter is mueh veduced. Figs. 6-8 give
an idea of the influence of the masses and radii ol stellar and interstellar clouds in dis-
persion configurations on the internal dispersion effects due to mutual enconnters hetween
such clouds. The masses and dimensions considered here are of one order of magnitude
larger than the cloud complexes considered by T.. Serrzer and M. ScHwarzscHILD (1953).

Tor m - L unit the angular velocily o’ of the apsidal line was deereased to 12.4 km /sec-kpe
(Table 5). For infinitely small masses the ring iz of course stable, and the apsidal line turns
with the limiting velocity o' = m¢ — 12.2 km/sec-kpe (Table 3). 1t would perhaps be tempting
to try larger and larger masses to find the limiting mass for which the ring is stable. However,

T4BLE 5.
Disp, i, @’
ring units kmsee - kpe
I (13 12.4
1 12,58
II 1 0.6
4 10,0
111 4 12,2
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for large masses the choice of initial velocitios and the value of A, will be quite critical, and
computations would not lead to eonclusive results.

Parameters for the integrations of the motions of dispersion rings II and IIT arc given in
Table A:2. Ring IT was first computed with unit mass up to 7' = 1168+ 10% years (Fig. 9).
As will be geen in the next chapter, however, such a dispersion ring exerts only a very small
influence on the rest of the system, and the computations were repeated with e =4 and A_;,
increased to 1.9 kpe but now only up to 7' = 352108 years, which was sufficient to deter-
mine . Ring III was computed with m — 4 up to 7' — 1168 -10* years (Fig. 10). The resulting
values of w’ are given in Table 5.

It is seen from the figures that the inner dispersion rings IT and IIT with their rapid circu-

lation of matter around the circumference of the ellipses are much more resistant to the

dissolving processes than is the ouler dispersion ring I.

III. The influcnce of a stable dispersion ring on the
surrounding field of motions

Theory

As the relatively high degree of stability of the dispersion rings has been demonstrated in
the preceding chapter, it is now of interest to derive their perturbative influence on sur-
rounding matter in the plane.
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We develop the perturbing lorce due to the elongation of the ring and to the density
variation along it in a Fourier series. For a distance R = B, — £ from the centre, where the
constant F; so far is arbitrary, we write the components of the foree along and perpendicular
to the radius vector

- .

fo=Ry-¢7* >, Cycos 210

= =1 51
- ()

fn230.83’¢ > D.sin2/0

Fo1

where (% and D), are functions of &, and 0 is counted from the apsidal line of the perturbing
ring. It is assumed that the ring develops slowly in such a way that the variation of the force
with time lakes an exponential form, and that ¢ is a small number, We now study the motions
in a coordinate system that rotates with the same angular velocity o’ as the apsidal line
of the dispersion ring, and introduce

7 ,
ST Wg— M
g

where @, is the circular angular velocity at R= R, For particles that do not deviate
much from the circular orbit with radius R, we may approximate

o
0=60+§t
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in the expressions for f. and f,. Then the cquations of motion will be (ep. for example
B. LInDBLAD, 1959, eq. 17.7)

1 & 46 g . v ;
Edf‘ Zf)olt—l-(x 4{:)%)E—rfuoo‘=e"%0_rfcos 2]6(%!-1'-50) ]
{ (6)
&0, 1dE_ )
2 2oz = TDesin 2 (G104 |

We neglect the variation of , and D, with ¢ in the present approximation. Thus for
particles that at £= — =0 deseribe circular orbits with radius 2, the solutions for the
general case o= |x* —k*0”| and y*=¢® are

La v P@ges § . B By . sadE, )
P LI ((/k ]{,'0‘ 1)5). kzg‘?'l)k ;{2~~k20’26/ s11n d)k(zt i 90 |

2 1 '
| ((r ”’0 /)h) s gy o€tcos2k ((it | Do)]- (7)
ko =

» =kt |
oo % <] 3()0 PR )
0—0,- 23 2 l[‘xs 3‘\(,,( e DK] | ko-l)" Lo s-.m-k( i, ()

w05 (8 12 o2 = 2 T 20f - (#* - k*cY) 24 ok o q(o ol
[ L g (\C’k kaDkJI o D, k“o“(,c'—!f )0 cos 2k ‘Qt‘U”,)j‘

|

These formulae correspond to eqs. (15) of B. LiXxpBLAD (1958 6).
Let all particles, that at ¢— oo describe a circular orbit with radius R, form a ring
of matter. For the density g along this ring we have to first order
. SN S
o ;(1(1 l_rf_)
ety Iy,

where u, is the supposcd uniform density of the initial circular ring. This gives

([ 6® = 2mg (3 4 0 — %) 2w~ 2Q2of— 7 B et) —wyo 2
5 = ‘ ;
.Uu =4 | - gt (ﬂ ko Dk,) ko Dy kot (7 -k o®
7 5in 2 f Kft_ [ e q dmy | -”0 9 }] c
e sin 2k l_) . 0") ‘ [ (E o) ‘C 1) ) D e cos 2k ( {+0 it (%)

If in the formulae (7)-(9) we change back (¢/2)¢ =, into § in the trigonometric expressions,
then (7) gives the shape of and (9) the density variation along the perturbed ring of matter,
From (7) we see that the position angles of the deformations of the ring are fixed in the
rotating coordinate system, i.e. they proceed with the angular velocity of the perturbing
wave,

It is evident that there are two cases of resonance when the coefficients become large, one

when #? — k%6® — 0 and one more general when ¢ —0.
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72— k2?0,
Tn this case we have resonance for a certain value of k. The terms with this valuc of %
will dominate the solution, and we get for y2ak?e?, p2<wf and (x—ko)*=y? the new

golution
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E S€7 cos "LG}
corresponding to eqs. (14) of the paper by B. Lixnnrap previously cited. 1f the angular ve-
locity ' of the perturbing wave is closc to the average value of @ — }# for the inner part of
the system, o will be nearly equal to » in the whole inner region where &, <10 kpce, i.e.
£ —1 in eqgs. (10).

For y small and » 1 o~2¢ we may approximate

. i
- (O - ‘_(1,’01)1\) )L—z [y sin 26+ (22— o) cos 26]
. o ! 2y%0

R
. (11)
¢ ” ¥t
‘i:"l_:_ (‘i"’;"o )(C’ _J)OD)Z(;; [y sin 26 = (x — o) cos 26]
i ‘4 &
H_ gy (toe_) £ 12
or 7 ( - )Ro (12)

As (4w, — o)~ (4w, — ) which is always positive (Fig. 3), this means that the perturbed
ring takes an clongated shape with density maxima at the ends of the major axes, the lines
of apsides rotating with the angular velocity w’ of the perturbing wave. In other words it
the

position angle of the apsidal line with respeet to the wave oscillates around § = - 45°

simulates a dispersion ring in the same region. As far as

— 45°, depending upon whether €, — (20,/¢) I}, is positive or negative.

o—0.

This second case of resonance occurs where the cirenlar angular velocity , is nearly cqual
to the angular velocity o of the perturbing wave. In this region also |#* — £*¢*| may become
small for higher values of the integer k. However, ( and D, arc small too for such values
of &, and we search for the solution for k?a?==x? and y?=2x*
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As y and ¢ are small, the terms with the higher power of y* — k2¢? in the denominator will
dominate, and we may write, considering only terms with £ =

£ BpyD, et

o= in 20— g 2
7, KE("‘/2+O'2)(V sin 20 — o cos 284)

(14)
b
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1ntroducing tgcp-—-: ( ? @< H) (15)
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D, as defined by eqs. (5) is obviously negative, and 4ej—#* is always positive (Fig. 3).
Thus we have the position angle for maximum &

3n @

A P

0\ max 4 2

and for maximum g Oumax= 5t -

( l— X«

: R ) L, D)
We have ( ) = - ”°—1 “cos g

\ de { pmax / V}' I

which is always a positive quantity. Hence matter will concentrate along the parts of the
elongated ring that are outgoing in the direction of rotation of the system. If y is the phase
difference between maximum £ and maximum x we have
oo
¥ = Gsmax'— e/m:ax = 4" 9
At iaximum resonance when o — 0, then 0¢p,. — 37/4 and f,,,, — 2/2. This case is sketched

in Fig. 11. If we leave the resonance case o = 0 through decreasing £, ¢ will increase through
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positive values, and #, ., will increase from 3z/4 to s, 8,50, from =72 to =, and y decreasc
from z/4 to 0. Thus for large o the apsidal line of the perturbed ring will eoincide with the
apsidal line of the perturhing wave with maxima of density situated at the major axes. If,
on the other hand, we go outwards in the system from the case ¢ — 0, o takes negative values,

and A will decrease from 37,4 t0 7/2, e from /2 to O, and y increase from =1 to

Smax
.2 Accordingly, for large negative values of o the apsidal line will be at right angles to that
of the perturbing wave and the density maxima placed at the ends of the minor axis. All

these details arc contirmed by the numerieal computations.

Numerical computaiions

1n the numerieal illustrations of the perturbationg by a sectorial harmonic wave, travelling
with an angular velocity cqual to a mean value of w — {x in the region of the wave, on the
field of eircular motions in the principal plane we choose as the perturbing wave, in order,
the dispersion rings I, 11 and ITT. The computations of the preceding chapter have shown
these rings to be stable over a considerable period of time for masses m at least up to one
unit, To get a fairly rapidly working program for investigations of first order disturbances,
we place the dispersion ring as a fixed configuration of point-masses in a coordinate system
rotating with the angular speed o’ of the apsidal line. The influence ol this ring on eircular
rings composed of particles of negligible mass is then studied with program T (sce the
Appendix).

To avoid effects that might be a consequence of a sudden start, i.e. to ensure a small
cnough y, the fixed massive configuration was nol, lrom the beginning, given the shape of
the elongated dispersion ring. At the start of the computations the massive points formed a
circle of uniform density with a radius equal to the average radius of the dispersion ring.
'The points were then allowed to move in ten steps along straight lines until they reached
their final positions in the dispersion ring given in Table 4 (Fig, 5). In this manner ten con-
figurations were [ormed with successively increasing elongation. Now the computation with
program T started with the first fixed configuration, which after a certain number of intogra-
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tion steps was changed into the next one and so on. When the final contiguration of the
digpersion ring was reached. it was kept throughout the continued computations.

The massless particles are given cireular velocities from the start. These velocilies are
compensated for the general attraction of the massive digpersion ring by a small inerease
ol the velocilies, corresponding to the attraction from a eircular ring of the same mass as
the dispersion ting and with a radius equal to its mean radius. The foree from such a massive
circular ring was computed with program @, and the corresponding increase of the velocities
made with program H.

Figs. 12-17 show the results of computations for dispersion ring I and outer circular
rings of radii 11.25, 12, 13, 14, 15, and 16 kpe, each composed of 64 masgsless points. A further
case with an outer ring of radius 10.5 kpe was computed (innermost of the outer rings in
Fig. 18). Ingide 10.5 kpe we can expect to meet distortions of the simple picture on account
of close passages past the fixed points, and outside 16 kpe the mass density in the galactic
plane has dropped to zero. The rate of development of the dispersion ring was guch that it
had acquired its final shape after 576-10% yvears. The masses of the fixed points were given
unit valnes, and the angular velocity w’ of the coordinate system the value 12.6 km /sec-kpe
in accordance with the computations of the preceding chapter {Table 3).

For this value of & the resonance case ¢ — 0 oceurs at K, — 13 kpe, and the region studied
is centred around thig distance. The figures begin at the epoch T' — 576-10¢ years, and the
computations are carried on to 896 10% years in most cases. The integration step was 16- 108
years, and test runs showed the progressive error up to 7' = 886-108 years to be of the
order of 0.003 kpc.

The results reproduce fairly faithfully the features predicted in the theoretical discussion.
The case R, — 10.5 kpc hardly shows any influence at all, except possibly a slight condensa-
tion that seems to follow the eircular motion. The rings with R, =11.25-15 kpc show an
elongation and a bisymmetrical concentration of matter. The position angles of the apsidal
line counted in the direction of the motion vary from about = for B, — 11.25 kpe over 3z,/4
for Ry -+ 13 kpe to @72 for By — 15 kpe. The maximum density that in the casec of B = 11.25
kpe lies just behind the vertex, lags further and further behind, for £2; =13 kpe it lies in the
position angle # ==/2 just between the major and minor axes, and for Ry — 15 kpe it is
sitnated on the minor axes in position angle # = 0. The case R, — 16 kpe, which is given in
Fig. 17 only for 7" - 1085 10¢ years, shows an extrapolation of these features.

The development is more rapid, the closer the ring comes to the resonance case ¢ = (.
The ring R, =13 kpe is computed [wriher than the other cases. It is seen that eventually
the concentrations will become very strong until almost the entire ring is concentrated in
two aggregates placed on the prolongatiom of the minor axis of the dizpersion ring and
subsequently drawn out owing to differential rotation. A case with an inner circular ring with
a radius of 6 kpe was also computed up to T = 768-10% years, but as could be expected, since
the angular velocity is large and the effects of elongation and density variation of the dis-
persion ring counteract each other, there were no visible effects at all. This is to some extent
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toxt, and the illustration starts at 2'=576-10° yeurs, when the digpersion ring is fully developed,
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a justification of our assumption of an undisturbed development of the dispersion ring.
In the treatment of the bar-type wave in the last chapter we will meet a different case.

All rings are combined into one picture in Fig. 18. If we consider a galaxy in an early
stage of development to he built up of a number of such discrete, not very massive, almost
circular rings, the first effects of a wave of the type considered would be to form a number
o leading arms as shown in the figure. Ultimately the arms become more and more concen-
trated, and each ring breaks down into two aggregates subsequently spread out by differential
motion. As the density maxima develop at the major axis of the perturbed ring for £,=11.25
kpe and then slide continuously down to the minor axis when R, increases to 15 kpe, the
radial distribution of these density maxima is minimized. It also appears from Fig. 18 that
the final formation of an aggregate, rather independently of the original radius of the ring,
tends to ocenr close to the resonance distance £ - 13 kpe. Even if the outer region is not
built up by discrete rings but forms a more continuous sheet of matter, the result of this
first phase of development is likely to be that the disturbing wave in the inner regions will
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r5. 12-17 and two additional eages with R, —=10.5 and 6 kpe.

Fig. 18. Cornbined picture of the computations of Fig
The massive dispersion ring (open cireles) develops from a circular ring, und after it has reached its finnl shape at
- 376-108 yoars, it rests fixed in the coordinate system that rotates with the angular velocity of the apsidal line.
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sweep together matter from o region around the resonance distance, where the angular speed
of rotation w is equal to the angular velocity o of the perturbing wave, and in the first in-
stance lowards this resonance distance. A stable ring cannot exist here and two diametri-
cally opposite aggrepaies will probahly be formed as in ihe case of Fig. 14 (R, =13 kpe),
or rather, as these aggregates will be fairly massive, in a way similar to the case of a mas-
sive ring al resonance distance to be demonstrated in the next chapter (Fig. 19).

It seems likely that the final result is a re-distribution of matter in the neighbhourhood of
the resonance distance leaving a zone swept free of matter, except for the two aggregates
mentioned, so that the outermost parts of the galaxy are left in a separated, fairly loose
ring. The suggestion is that this may be the cause of the annular formations of for instance
XGC 4736 (M 94) (Plate 1) and NGC 7217 (Plate II). Such outer rings arc rather common,
according to G. pE VavcouLkurs (1959), near the transition stage S0 to Sa or SBa, but
they appear in later types too, as for example NGC 3344. They are denoted by an (R) in the
clagsification scheme of DE VavucovLeURs. The outer ring is generally connected with the
inner spiral structure in two diametrically opposite points.

It may be pointed out that the distance R for which o =0, i.c. where m = o’ and ' equals
a mean value of @ — L for the inner regions, is 14 kpe in the Galaxy (Thig. 3) and 23 kpe in
the Andromeda Nebula (Fig. 4). In both cases this is very close to the distance where the
hydragen density drops to zero (vaN DE HrtrsT, Ra1MOXD and vaN WOERDEN, 1957, Ilig. 10),
and it may he that the density waves in the interior of the kind discussed are the agents which,
by resonance effects, determine the limit of extension in the principal plane of Sa-Sh galaxies.

For the inner dispersion rings LI or 111 the resonance radii for ¢ — 0 are about 16 and 13
kpe respectively. The cffeets here must be of the same kind as for ring I, but much slower,
and these rings are of more interest in studies of the effects over regions where x» ~ g,

At first the influence of dispersion ring IT with mass-points of unit mass was tested. As
only very small effects could be traced in outer cireular rings with radii 8 and 12 kpe {for B, — 8
kpc up to the time 7' = 1216-10% years), dispersion ring 111 was introduced. This ring has a
greater elongation and a more rapid rotation of the apsidal line. 7 was given the value 4 units
80 that the total mass was 3 limes the mass of dispersion ring I, roughly corresponding Lo
the ditfference in densities in the galactic plane according to Scavrnr’s model.

This dispersion ring too was successively elongated from a circle in ten steps until it
reached its final shape atter 576-10° years. The motions of outer massless rings with 2, = 6,
8, and 10 kpe were computed up to the epochs 7' — 832, 1216, and 576-10% ycars respectively.
However, the deviations from circular symmetry remained very small. For R, =8 kpe,
where |x — o] is very small, the difference between maximum and minimum £ keeps about
0.08 kpe. The position angle f of the apsidal line approaches | 43" in agreement with the
theory. For £, = 10 kpe, where = ¢ is of the order of | 4 km/sec-kpe, the full amplitude
is 0.21 kpe at 376- 10% years, and # approaches +5°, In the case ££y= 6 kpe the points scatter
more, duc to close passages by the massive points, and the small systematic perturbing

effects arc hidden,
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The rapid motions along these rings, ie. o large in eqgs. (11), thus seem to prevent the
appearance of larger resonance effects. This was anticipated already in the case of dispersion
ring Tand R; — 10.53 kpe where the perturbing effects were also small. Thus, dispersion rings
may not have a greal gravitational influence on the motions in the inner parts of a galaxy,
but may combine, probably with the aid of gasdynamical [orces, as outlined by B, LinngLaD,
into a general wave giving stronger resonance effects in a region far out in the galaxy where
o is small.

1t will be seen in Chapter V that the bar-type wave where m’ ~w, i.e. ¢ small in the neigh-
bourhood of the ring, is of higher importance for the development of the inner parts of the
galaxy.

IV. Intcractions between a dispersion ring and massive circular rings

In the preceding chapter we have derived by computations with program F a survey of the
perturbations from a dispersion ring on the motions in the galactic plane. If the perturbed
configurations are rings of sensible mass, it would be of intercst to investigate their counter-
action on the dispersion ring and their mutual interaction. A number of computations with

this aim have been undertaken with program E.

Outer ring at R=13 kpc

As it has been shown in the preceding chapter that the dispersion ring has a tendency in
the first phase to sweep together matter from a fairly wide zonc to the resonance distance
where ¢ =0, it is natural to start with dispersion ring T and a circular ring of B, — 13 kpe.
The initial angular velocities of the mass-points in the dispersion ring arc decreased a little
corresponding to the attraction of the outer ring, and the velocities are further eorrceted for
self-gravitation by the method of “individual balancing”. The circular velocitics of the
outer ring arc corrceted for self-gravitation and for the attraction from an imagined circular
ring with a radius equal to the mean radius of the dispersion ring. All this is done by programs
G and H.

The outer circular ring is built up by 64 points of unit mass, which makes it as massive as
the dispersion ring. The motions in this model were computed in a coordinate system at rest,
and the resull. is shown in Fig. 19. Parameters are given in Table A: 2.

The development starts in a manner very similar to the case of Fig. 14, The position angles
of the maximal density and of the greaiest elongation with respect to the apsidal line of the
dispersion ring are in the present case somewhat smaller from the beginning than in the
case of Fig. 14, which is due to the fact that we now start with a fully developed dispersion
ring. As the density muaxima of the outer ring develop, they contract also because of their
own gravitation, and as they become more pronounced the aggregates take the shape of a

small loop, formed at about 7" — 600-10¢ years. The loops are formed roughly in line with
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the minor axis of the dispersion ring. As may be seen from the sequenece of Fig. 19 the loops
are formed from points preceding the loops and decclerated in their motion due to the
following concentration of matter. Thus, these aggregates diminish their distances (rom the
centre to about 10 kpe, while the less dense parts of the originally circular ring are formed by
particles accelerated in their motion and recede to great distances from the centre. At the
same Lime as the distances of the agpregates decrcase, their motion s speeded up and they
hegin to overtake the apsidal line of the dispersion ring. When the loops come close to the
apsidal line a tidal wave is aroused in the dispersion ring, and the loops join the density
maxima at the ends ol the apsidal line in the dispersion ring (7' — 768- 108 years). This
causes the dispersion ring Lo break into two halves (T = 864108 years),

It may be that the aggregates that join and break up the dispersion ring correspond to
the diametrically opposite connections hetween the outer ring and jnner spiral structure in
the (R)-type galaxies (Plate T-1I). Conclusions regarding the direction of winding of spiral
arms must, however, be drawn with caution from Fig. 19 as matter inside the dispersion ring

has not heen free to react.

Outer ring at R=11.25 kpe

From Fig. 3 it is seen that just outside B — 11 kpe we have a region where dx/dw = 2,
i.e. a region favourable for the forming of a dispersion ring. Hence the computations of {he
preceding section were repeated with R, = 11.25 kpe (Fig. 20). The evolution is similar though
faster in the present case. Even now the denser aggregates formed in the outer ring hit the
density maxima at the ends of the apsidal line of the dispersion ring, which are lifted ont
by a tidal wave, and this breaks up the dispersion ring.

Even now the elongation of the outer ring starts in a position angle 6~ 3=/2 (T — 192)
in contradiction to the theory of the preceding chapter and the computations for a magsless
onter ring (Fig. 12). This is due Lo the circumstance that we start with a fully developed
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dispersion ring that immediately, with full force, decelerates matter preceding and ac-
celerates matter following the apsidal line.

To effectuate a more gentie start, we do not start from a cireular outer ring but from the
configuration at 7' =576 million ycars of Fig. 12, i.e. the case of a massless outer ring at
the moment when the dispersion ring is just fully developed. At that very moment all points
are given equal mass, the points of the outer ring arc given a slightly increased and the points
of the dispersion ring a slightly decrcased angular velocity to compensate for the addition
of mass to the outer ring, and the computations are continued with program E (Fig. 21).
The development now takes a slightly different course from the preceding case. The elongation
of the outer ring hecomes more pronounced (7 — 864), but the aggregations of higher density
ultimately shoot in as tongues of matter, again joining the density maxima of the dispersion

ring (7' = 1056) and cause its break-up.

Several outer rings

Finally, a number of cases with several outer rings simultaneously were computed.

In the case illustrated in Fig. 22 the initial configuration is composed of the dispersion
ring I and the rings R =11.25 kpe and R, =13 kpe at 7' = 576 million years of Figs. 12 and
14 respectively. Additional angular velocities are applied to the different rings to compensate
as far as possible for the assignment of mass m — 1 to the points of the two outer ones, The
density maxima of the outcrmost ring are fairly well developed from the start. They enhance
the formation of density maxima in the ring of B,=11.25 kpe, following the outer ones, by
a mechanism similar to the one discussed in the next chapter. The maxima of the two rings
join rather violently at 7' - 864108 years, and at the same time the rings are cach broken up
into two separate parts tending to form a pair of longer arms. The aggregates, however, soon
spread out in the field of differential rotation, the preceding decelerated parts dive in to-
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Fig. 22 cont.

wards the dispersion ring, and the following accelerated points move out and are left behind
(1" = 9680-1040). Thus it seems that the original tightly wound leading arms transform into
more open arms trailing against the direction of rotation. These trailing arms are fairly
rapidly drawn out by differential rotation and get lost as the scatter of the mass-points
increases. The points that dive in towards the dispersion ring break up that ring in a manner
similar to that in the cases of the previous sections.

In order to bring about a more gentle combination of the two outer rings the masses of
the points were halved, and the number of points in the outer rings decreased so that the
ring £, — 11.25 kpe contains 48 mags-points and &, - 13 kpe 40 mass-points. The stage during
which the outer rings are massless and the dispersion ring is successively formed in ten steps,
was extended to 864 million years. The results of the computations are shown in Fig. 23,

The general character of the development is the same as before. The ring at 2 =11.25 kpe
which is not at resonance distance reacts much less violently than in the previous case. The
arms that in the beginning have the character of leading spiral arms (up to 7' - 1344}, bend
in to form two big arcs on both sides of the dispersion ring (7' — 1440). These ares soon lose
their contact backwards and are transformed into trailing arms, more and more drawn out.

In order to give the outer regions of the model more the character of a continuous layer
than of distinct separate rings, an additional ring of 48 mass-points and B = 10 kpe was intro-
duced. The number of mass-points of the outermost ring was decreased to 32, The development
of this model (Fig. 24) repeats faithfully stage by stage the development of the previous
one, as is scen by a comparison between IMigs. 24 and 23, although the features are now more
concealed. The increasing internal velocity dispersion ultimately gives the figures a some-
what chaotic character.

The computations of the present chapter have shown, exactly as in the “massless™ cases
of the preceding chapter, that the immediate effect of the action of a perturbing wave
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Fig. 23 cont.

of the type considered on outer massive rings is to cause an clongation of these rings and a
concentration of matter along the branches outgoing in the direction of rotation. If the outer
rings are sufficiently massive, and the perturbing wave has the shape of a simple disper-
sion ring, the concentrations in the outer rings will ultimately break up this dispersion ring.

The kind of leading spiral arms that appear in the beginning of the development (as for
instance at 7' = 1248 in Figs. 23 and 24) are not conditioned by the initial ring structure of
the outer regions but will appear in a continuous medium as well. Whether the tendency

of these arms to transform into trailing arms (atter some time) will be found in arms of gas
in real galaxies cannot be stated with certainty.

ing ones implies a complete break of the ring
dispersion ring (Fig. 23, 7' - 1344-1536), or in

The transformation of these arms into trail-
and a loss of contact backwards with the

a more continuous medium a division into
larger or smaller aggregates subsequently drawn out by differential rotation (Fig. 24,

7" =1536). This evolution may to some extent be counteracted by stabilizing agents as
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magnetic fields and viscous forces if the arms are thought to be mainly arms of gas. Other
computations that show more clearly a transition from leading to trailing arms will be

demonstrated in the next chapter.

V. Bar-type waves

By “bar-type waves” we mean here the kind of bisymmetrical density waves proceeding
with approximately the circular velocity of angular motion in the galaetic plane as described
by B. LIxDBLAD and LANGEBARTEL (1953, case s = 2) and B. LINDBLAD (19585, case ¢ —0).
As shown by LixpBLAD and LANGEBARTEL this wave is the most important in a scries of
density waves, all travelling with approximately the velocity of circular motion, and with
different degrees of asymmetry. In the model computations we let the initial wave be carried
by a circular ring of matter. Unlike the dispersion ring type of wave treated in previous
chapters this one should have its greatest perturbing gravitational influence on neighbouring

matter.
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Preliminary computations

In order to find out the amplitude of the density wave necessary to causc a sensible effect
on surrounding matter a special kind of artificial steadily growing “bar” was constructed.
Starting from a circle with radius 4.31 kpe, which was the mean radius of dispersion ring
111, and consisting of 48 evenly distributed mass-points, we let the mass-points slide in steps
along the circumference of the ring in such a manner that the ratio of neighbouring intervals
Detween mass-points at any certain moment keeps a constant value when we go along the
cireumference of the ring from the y-axis to the a-axis. This constant, k. incrcases with each

step, and is given for the sequence of configurations in Table 6. In Fig. 25 configurations 1, 3,

TasLe 6.

Config. k Config. &
1 1.000 5 0.796
2 0.981 6 0.714
3 0,934 7 0.623
4 0.870

5, 6, and 7 are shown by open circles. To the mass-points are given masses of } unit, and
the configurations are introduced in turn as the fixed massive configuration of program F.
A change from one configuration to the next in the sequence is made every 64-10% years.

The influence of this massive growing bar-type wave on two rings of massless points with
radii 4 and 5 kpe was tested with program I. The wave was supposed to proceed with circular
angular velocity, i.e. the angular velocity of the coordinate system used, in which the wave
rests fixed, was chosen to be the circular angular velocity at R =4.31 kpe. The result of the
computations is given in Fig. 25, At the start the massless rings were balanced in such a way
that the configuration at 7 =0 would be in equilibrium if the massive ring remained un-
changed. As the bar-type wave develops, matter following the density maxima is accelerated
and lifted ontwards, and matter preceding is decelerated and falls inward (cp. LANGEBARTTT,
1951, Fig. 1). The perturbing force from the bisymmetrical density distribution may be
developed in a Fourier series as in eqgs. (5). Thus the theory of Chapter ITI is valid to the first
order, and the case ¢ small that now occurs in the immediate neighbourhood of the wave-
carrying ring itself is here of the greatest interest. The approximation (14) and the subse-
quent reasoning, since D, is still a negative quantity, are valid for the first stages of the develop-
ment. For the outer massless ring with radius 5 kpe, ¢ <0 and the ring becomes clongated
in a direction 6 slightly exceeding /2 with concentrations of matter closc to the ends of the
minor axis or just in front of the bar. For the inner ring with radius 4 kpe, ¢ > 0. The elonga-
tion of this ring takes place in a direction between 3w/4 and s, and matter concentrates
along the outgoing branches bchind the apsidal line. As the bar grows, the effects on the
surrounding rings become very pronounced. It should be pointed out that the mass of the
fixed ring carrying the inereasing bar-type wave is only 1/8 of the mass of dispersion ring 111.
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Fig. 23. The influence of & growing bar-type wave (open cireles) on neighbouring eircular rings of massloss particles.
The coordinate system rotates with the angular veloeity of the wave,

Guided by these computations we now choose as the fundamental structure carrying the
bar-type density wave in our computational models, a circular ring of mass-points with a
density distribution similar to configuration 3 of the growing artificial “bar”, where the
ratio of adjoining intervals between neighbouring mass-points is 0.934. This ring is shown
by open cireles in Fig. 25, 7' =128, and again in Fig. 26, 7 — 0. The radius of the ring is
4.31 kpe, and the number of mass-points 48. The maximum density at the y-axis is 2.33 times
the minimum density at the w-axis.

We now firstly wish to study the behaviour of an isolated ring of that kind. The mass-
points are given masses of 4 units, so that the total mass of the ring and its radius are the
same as the mass and mean radius respectively of dispersion ring IIT. We give the mass-
points initial angular velocities of 50.25 km /sce-kpe, which would be the circular velocities
of equilibrium if the mass distribution along the ring had been even,

The initial positions and velocities are given in Table 7. The motion of the ring was inte-
grated with program l§, and the result is shown in Fig. 26.

Aswe get outgoing motions in the quadrants following and ingoing motions in the quadrants
preceding the density maxima, the first effeet of the uneven mass-distribution is to cause an
elongation of the ring. Along this elongated ring the mass-distribution is fairly uniform. After
an interval of about 200 million years the ring has again circular shape with a mass distri-
bution similar to the initial one. The evolution of the ring thus scems to consist in a cyelic
oscillation between ecircular and elongated shape with a period of about 200 million years.
This oscillation can be interpreted as the superposition of two interfering waves, one
4 — 604567
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TaBLE 7. Initial positions and velocities in the first quadrant of the ring of Fig. 26.

& y & ¥
kpe kpe kpe/32 - 10% vears [kpe(32 - 108 vears)
0.1818 4.3062 7.0849 —0.2991
0.5688 4.2723 7.0201 - 0.9358
0.9781 4.1976 6.9062 — 1.6092
1.4067 4.0739 6.7027 — 23144
L.8487 3.8934 6.4057 - 3.0416
2.2067 3.6471 6.0005 - 3.7787
2.7396 3.3273 5.4743 —4.5074
3.1658 2.9247 4.8119 - 5.2086
3.6562 2.4350 4.0063 - 5.8509
3.8912 1.8533 3.0492 - 6.4021
4.1448 1.1820 1.9447 - 6.8193
4.2889 0.4256 0.7002 —7.0564

travelling with a velocity slightly oxcceding that of circular motion and with density
maxima at the minor axis, the other proceeding with a velocity slightly less than the
velocity of eircular motion and with density maxima at the major axis. The mean value
of the velocities of the two waves equals the circular angular speed, and the phase
difference increases with z in 200-:10° years. These are the two waves decribed by B.
LiNDBLAD (1958 b, p. 15). '

Owing to the oscillation of the ring between circular shape with uneven mass-distribution
and clongated shape with more uniform mass distribution the angular velocity ' of the
perturbing wave will appear different from the point of view of a particle inside the ring and
a particle outside. The angle f in eqs. (5) should be counted from the direction of maximum
potential along the circle with radius R,. When the perturbing ring is ecircular this is the
direction of the lines joining the density maxima. When the ring is elongated with uniform
mass distribution along the circumference, the direction of maximum potential coincides
with the minor axis for an R, smaller than, and with the major axis for an R, greater than
the radius of the perturbing ring. Thus, for an inner particle, § should be counted from the
region of maximum density, when the ring is circular, continually shifting over to the region
at the end of the minor axis when the ring is elongated (cp. Fig. 26). From the point of view
of an inner particle the perturbing wave then seems to travel with the velocity of the faster
of the two interfering waves, or in the present case an angular velocity of 57.94 km /sec-kpe.
For an oufer particle, 0 should again be counted from the region of maximum density, when
the ring is circular, but now shifting over to the end of the major axis when the ring becomes
elongated. The perturbing wave now seems to travel with the velocity of the slower wave,
or, in the case of Fig. 26, an angular velocity ot 43.18 km sec-kpe.

The action of the ring on necighbouring matter is enhanced by this eircumstance, because
the resonance region, where ¢ = 0, for the wave perturbing inner particles lies inside the ring,
and for the wave perturbing outer particles outside the ring.
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Ifig. 26. Bar-type density wave in initially circular ring with radius 4.31 kpe,

The computations were repeated for a mass of the particles of two units. However, the
wave then seemed to die out fairly soon, and it appears that the amplitude of the density
variation has to be of a certain magnitude for the wave to maintain itself.

In gpite of the fact that we cannot consider our ring model of Fig. 26 as a carrier of a simple
density wave we will use this kind of ring to give the initial bisymmetrical deviation from
rotational symmetry in our models of stellar systems.

The most important ditference from the case of the dispersion ring type of wave is that
the resonance region ¢ — 0 in the present case lies in the immediate neighbourhood of the
ring. As, according to eqs. (14), the disturbances on a neighbouring ring of matter give
rise to a density variation that travels with the same speed as the perturbing wave, i.e.
close to the circular velocity, the secondary perturbations from this perturbed ring are large.

Fig. 27 shows computations with the ring discussed above and an equally massive,
initially eircular ring with a radius 3.31 kpc and even mass distribution. The initial velocities
are adjusted by program H so that the configuration would be in equilibrium if the
density distribution of the outer ring had been even. At first the density wave of the outer
ring causes an elongation of the inner ring in a direction inclined about 45° to the line joining
the density maxima of the outer ring, and concentrations of matter immediately following
the vertices of the inner ring in accordance with the theory of Chapter III. This density wave

in the inner ring acts back on the outer one in a corresponding manner. The elongation of this
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Fig. 28, Massive rings at B =2 (N --44), 3 (¥ - 40), 4 (N —40), 5 (¥ =36) and 6 kpe (N =32). Bar-type wave in the
ring with radius 4 kpe. # =4 units.

ring is increased and the concentration of matter along the outgoing branches enhanced.
Ultimately the ring breaks up into two halves. The inner ring too breaks up, but the character
of its development is to some extent conditioned by the lack of free matter in the interior.

Thus the central layer in a galaxy scems to be unstable for a density variation of the present

kind.
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Another example is shown in I%ig. 28. Here the ring carrying the initial density wave
has a radius of 4 kpe and consists of 40 mass-points. The density varies along the ring in the
same manner as before, the ratio between neighbouring intervals between the mass-points still
being 0.934. This ring is surrounded by four other circular rings with the radii 2, 3, 5, and
6 kpe and even mass distribution. The number of mass-points in these rings are 44, 40, 30,
and 32 respectively, and the mass of each point is four units. Again the initial velocities are
such that the configuration would be in equilibrium for even mass distribution in all five rings.

It is seen that the development is very rapid, and after only 88 million years the rings
of R,— 3, 4, and 5 kpe tend to break up under formation of a spiral-like pattern. However,
this pattern fairly rapidly breaks down, owing to the large masses and the small value 0.7 kpe
of An;, (Table A: 2, No. 33), which gives a large internal dispersion.

Density wave at R=4 kpc

3-ring model.—After these preliminary computations we are able to construet more care-
fully prepared models. As a guiding principle we wish to make the initial deviation from
rotational symmetry in the density distribution as small ag possible, i.e. just as large as is
necessary to bring about the instability in the central layer.

We first choose as the agent carrying the inital density wave the ring with radius 4 kpe,
consisting of 40 mass-points, used in the computations of Fig. 28. The initial coordinates
of the mass-points in the ring are given in Table 8. We begin with a model consisting of three
rings, where the other two have radii 2 and 6 kpe and are circular with even distribution of
mass (Fig. 30, 7 =0). The numbers of mass-points in the different rings are, starting from
within, 44, 40, and 32. This reproduces roughly the gradient of density in the central layer
of ScEMIDT’s model as integrated between z = = 0.25 kpe.

We know from the computations of the preceding section that the density wave in the

TaprLE 8. Initial positions along the first quadrant of the wave-carrying circular rings with

radit 4 and 2 kpe.

=4 kpe R=2 kpe
x y x ¥
kpe kpe kpe kpe

0.2190 3.8940 0.0996 1.9875
0.6843 3.9410 0.3104 1.9758
1.1721 3.8244 0.5308 1.9283
1.6739 3.6329 0.7577 1.8509
2.1772 3.3555 0.9871 1.7304
2.66061 2.9819 1.2134 1.5898
3.1195 2.5037 1.4206 1.3987
3.5109 19166 1.6268 11634
3.8085 1.2228 1.7944 0.8832
3.9766 0.4320 1.9202 0.5594

1.9903 0.1967
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Fig. 29. Force of attraction from the different circular rings of tho models of Figs. 30 and 31 computed for m —4
units and A = 1,133 kpe.

min
ring of radius 4 kpe will be able to maintain itself for some length of time if the masses of
the points are chosen at 4 units, but that it will probably die out rather soon if the masses are
lowered to 2 units. Considering the fairly large distances between the rings we choose the
value 4 units for the mass of a mass-point in order to give the model sufficient time to react
before the wave dies out. Then the mass-points in the model together represent about § of
the total mass within the corresponding parts of the central layer. The radius A, of the
non-Newtonian zone around each mass-point we choose at 1.133 kpe.

As the rings of mass-points thus represent a not negligible fraction of the mass. they will
noticeably distort the central force function F(R). In order to preserve as far as possible the
central foree of the Schmidt model also in the present model, we have to correct the tabu-
lated force F (R) for the intluence of the rings.

With program G we can calculate the central force f(R) exerted by cach ring (the mass
distribution in the ring R,= 4 kpc supposed to be even) at various distances R from the
centre. This force is shown in Fig. 29 for the different rings together with the results for
similar rings with radii 3 and 5 kpe that will be used in other modcls. m was 4 units and
Amim = 1.133 kpe. The figure may be compared with Scavrpr’s (1956, Fig. 7) estimate of the
force from the much less massive Orion arm, The broken line (2 + 4 — 6) gives the somewhat
smoothed sum of the forces from the rings with radii 2, 4, and 6 kpe. This smoothed force
function is then subtracted from the tabulated central force #( ).

Finally, the mass-points arc given the appropriate initial circular velocities that would
keep the configuration in equilibrium if the mass distribution were even in all rings, and the
computations with program E ean be started (Fig. 30).

From the beginning the ring at £,= 4 kpe (open cireles in the figure), carrying the density
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wave, oscillates in a way similar to the oscillations of the ring in Fig. 26. The ring with
radius 6 kpe (filled triangles) lics slightly outside the resonance distance where ¢ = 0 for the
slower wave. After about 200 million years this ring shows a perceptible elongation in a
position angle slightly more than 90° with respect to the perturbing wave, and concentrations
of matter along the outgoing branches fairly close to the minor axis, in accordance with
the theory of Chapter III for the case o slightly less than 0. This in turn causes an increased
elongation of the ring of small open circles and an ultimate concentration of matter at the
ends of the major axis. At 7 about 350 million years the density maxima of the two rings
join. Matter preceding the joint density maxima is decelerated and falls inwards, while matter
following is lifted outwards. Thus the two outer rings break in halves that join to form
a pair of fairly long leading spiral arms (7" = 416).

The filled triangles of the outermost ring will move inwards along the arms and the open
circles outwards so that the arms get shortened, until practically all matter from these rings
is concentrated into the two condensations that together with the central concentration
constitute a bar (7' = 512). The triangles that now have been cffectively decelerated in their
motions dive in towards the central parts of the sytem, while the open circles that have been
accelerated are lifted out and spread out in the field of ditferential rotation (7' = 544 608).
Thus we are faced with the somewhat surprising fact that the leading arms have changed
over into trailing ones, and that the two outer rings have, in their entirety, changed places.
The two configurations at 7' = 448 and 7' — 576 arc rather similar, although they are quite
opposite as regards the direction of winding and the location of the open circles and filled
triangles,

The trailing arms are drawn out more and more by the differential rotation, and after
T — 640 million years the structure is lost owing to the increasing velocity dispersion.

The inner ring with radius 2 kpe (filled circles) lies far inside the resonance distance for
the faster wave and takes little part in the development. During the interval 7' = 128-320
it shows a distinct elongation in the dircction of the density maximum or minor axis of the
perturbing ring, with concentration of matter towards the vertici in agreement with the
theory of Chapter III for ¢ positive and fairly large. When the outer structure becomes more
complicated, several waves arise, and the ring kecps a more or less circular form.

5-ring model.—In order to obtain a more continuous model we add two new rings, one with
a radius 3 kpe consisting of 40 mass-points and one of 36 mass-points with a radius 5 kpe
(Kig. 31, 7" = 0). As the distances between the rings are now decreased, the radial transfer
of a density variation is made much easier, and we can lower the mass of all mass-points
to two units in order to make the surface density of the present model comparable to that of
the preceding one, and at the same time follow the guiding principle of smallest possible
initial density variation. The mass-points then together represent about } of the mass of the
corresponding parts of the central layer.

The sum of the attraction from all five rings as a function of distance from the centre is
shown as the line (2 43 -+4 +5 +6) in Fig. 29 for m =4 units and A, = 1.133 kpc. This
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Fig. 30 cont.

force, divided by 2, is subtracted from the tabulated force F(R). Finally the mass-points
are given the appropriate circular velocities, and the computations can be started.

In this more continuous model the reaction of the necighbouring rings on the density
wave is more rapid. At 7' = 176 million years we see how the ring at 5 kpe from the centre
(tilled triangles in Fig. 31) has formed two concentrations of density, immediately preceding
the major axis of the ring carrying the initial density wave (open circles), and the ring at
3 kpe (filled squares) has formed concentrations immediately following the density maxima of
the original wave. The concentrations of matter thus aroused cooperate in their turn to in-
crease furthermore the clongation of the ring of open circles and concentrate its matter to
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Fig. 31 cont.

the outgoing branches (7' = 176-256). In this way the instability sets in, the rings more or
less break up and form together a pair of leading spiral arms in a system that resembles a
barred spiral (7' — 272-360). The bar increases in strength as the density wave grows inwards.
This growth of the bar is made much easier in the present model than in the previous one.
At 7" = 352 the innermost ring has developed two very marked condensations along the bar
that remain throughout the computations. The matter in the leading arms, as in the earlier
model, slides back into the bar, and after a transition stage (7' =376-392) the system
develops a pair of trailing arms (7' = 408 456). The arms are drawn out as the spiral winds

itself up. In the end the velocity dispersion has grown large, and the true structure is difficult
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Fig. 32. Rings at B =2 (N =44), 4 (N =40) and 6 kpe (N =32). The initial bar-type density wave is now in the ring
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Ifig. 32 cont.

to follow. There may be, however, in the stage 7' — 472 a hint that the spiral in the idealized
case may change back to leading arms again, and thus the change of the sense of winding
in the model be a periodic phenomenon.

A comparison between the stages with leading and trailing arms shows that, in the former
case, the bar secems to be fairly long and straight while in the latter case, when the arms are
drawn backwards owing to differential rotation, the bar is shorter, and the model resembles
more an S-shaped spiral. In the process of shifting from leading to trailing arms the branches
trom the different rings slide along each other, and the mixing of matter from different

rings along the arms is much more complete than in the preceding less continuous model
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with fewer rings. 1t is possible that this shifting process would be still somewhat modified
in a model with free matter still closer to the centre. Considering that the main difference
between the models of Figs. 31 and 28 is that the mass-points are twice as massive in the
latter, and the main difference between the models of igs. 31 and 30 is the difference in the
homogeneity of the distribution of matter in radial direction in the galactic plane, one may
get an idea of the importance of total mass and density distribution in the central layer
for the time-scale and character of the development of the system.

Density wave at R~ 2 kpe

3-ring model.—As it appears from the preceding computations that the bar forms inwards
from the region of the initial density wave, it may be of interest to make some comple-
mentary ecomputations with the initial density wave in the innermost ring, which will then
represent a fairly short bar.

We choose the same model as in Fig. 30 with the diffence that the original density wave
now lies in the ring with B,= 2 kpe (Fig. 32, T' = 0). The density variation is of the same kind
as before, but the ratio between neighbouring intervals between mass-points is now 0.94.
The coordinates of the points in the innermost ring are given in Table 8. The mass-points
are given masses of 4 units as in the former model, but A, is decreased to 0.7 kpe. As
before, the tabulated force funection F(R) is modified to compensate for the attraction of
the ring, and the mass-points are given the appropriate initial cireular velocities. (The force
function F(R) has a slightly different shape for B < 2 kpe than in the two previous models
with a higher maximum than in Fig. 1. This originated in a somewhat ditferent and less
satisfactory way of performing the numerical differentiation of SciminT’s potential function
in this critical region at the time of the present computations that were actually carried
out before the ones described in the preceding section.) The computations are illustrated in
Fig. 32.

From the beginning, the ring carrying the density wave oscillates between circular and
elongated form in a manmner similar to the case of Fig. 26. The ring at 4 kpc lies outside the
resonance distance where o =0 for the slower wave. From 7’ about 96 million years this
ring shows a perceptible elongation, increasing with time, in a position angle in agreement
with the theory for o rather large, with maxima of density close to the minor axis and just
preceding the perturbing wave. As the ring at £ = 4 kpe becomes more and more elongated
the innermost ring seems to establish a more steady eclongated shape, with the apsidal
line rotating with nearly the same angular velocity as the former slower wave, and following
closcly the density maximum of the ring B;= 4 kpe. The most regular shape of this inner
elongated ring is shown at 7' =224.10¢ ycars. The density maxima of the small open
circles seem at the same time to form an extension of this “bar”’. This has a very strong
perturbative effect on the ring of open circles. The particles preceding the bar are decelerated
and drawn in. The dense part becomes more pronounced and contact is established between
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the two rings at about 7' = 272. The effects of the bar and its elongation ultimately cause
the ring of open circles to break up into two leading arms. These arms are drawn backwards
into the bar, the relative motion of matter being inwards along the arms, as is seen in the
stages 7' = 304-352. When the matter from the ring meets the bar, the motion is very much
slowed down, and the particles are pumped inwards in front of the bar (7' = 352). The inner-
most ring breaks too at the same time as the other. Some of its mass-points move out owing
to the acceleration by the bar and get left behind as kinds of trailing arms (7= 336-416).
At this time the outermost ring begins to break up similarly to the ring of open circles and
to form kinds of leading arms, and the spiral structure becomes somewhat confused.

It is seen how, at the end of the computations, the filled and open circles have completely
changed regions of occupation in the system in a way similar to the case of Fig. 30.

The corresponding computations were repeated for a mass of the points of 2 units. How-
ever, with this small mass the perturbing wave of the innermost ring had not sufficient
time to causc any effects in the outer rings before the wave died out, and when the computa-
tions ended at 7' = 784 million years, all rings showed perfect circular symmetry.

Equally, the computations were repeated after a change of A, to 1.133 kpe, and even
now the effects were too small for the instability to come about. Thus it seems that the
conditions ot Fig. 32 are just above the level where the instability scts in.

Conclusions

It has been shown in the last chapter how the central layer of a galaxy with ordered
circular motions is gravitationally unstable to a bisymmetrical density wave of a certain
minimum amplitude, proceeding with the angular velocity of the circular motion. As the
instability sets in, the regular structure of the central layer breaks down under formation of a
spiral pattern. The arms of this spiral structure will at first be leading, in agreement with the
theoretical discussion by B. LINDBLAD as to the most probable path of evolution of the barred
spirals. The original density wave that increases in strength will grow into a bar extending
through the centre over a certain region of the system. The character of this bar depends
on the original distribution of matter in the plane, as will appear by a comparison between
Figs. 30 and 31. The matter in the arms will move towards the bar, and after some time the
spiral structure will, as a rule, bc changed into one with trailing arms. In connection with this
change of direction of winding there is, at least in the less continuous models of few rings,
a general exchange of matter between inner and outer regions,

A comparison with photographs of typical barred spirals shows several main features in
common with the computed models (Plate III). However, as we do not know anything about,
the relative motion of matter in the observed systems, it is very difficult to attribute a certain
stage of development of the numerical models to a certain observed galaxy. In particular,
since two quite different stages of development of the models, one with leading and one
with trailing arms, may look very similar, it appears difficult, so far, even to tell with any
certainty if the arms should be leading or trailing in the observed system.
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We have scen in the first chapters of the present work that in the case of disturbances due
to the potential ficld of a dispersion ring on an outer ring structure. situated close to the
resonance distance, we obtain as the first result a spiral structure with tightly wound leading
arms. In fact, the principles of the development are similar, as in both cases the potential
wave travels with an angular velocity close to the speed of the circular motion in the per-
turbed region. The main difference is that in the case of the dispersion ring the perturbing
wave itself is not subject to a perceptible counter-action from the perturbed mass until
possibly at a more advanced stage in the development. If the outer structure is sufficiently
massive, the rings perturb cach other and may join to form more coherent spiral arms. These
arms too show a tendency to change over from leading into trailing ones, but the cause of
this change lies in the gravitational action of the mass in the arms themselves and not in the
perturbing wave. The importance of this perturbing wave as the cause of the formation of
an outer ring in a galaxy has already been discussed in Chapter 1LI, where a comparison has
been made between Ifigs. 18 and 19 and the photographs of M 94 in Plate |1 and NGC 7217
in Plate 11.

Thus the present computations show that gravitational actions are able to reproduce
several characteristic features of spiral galaxies. This does not imply that gas-dynamical
forces are outruled, as the structure consisting of a number of concentric rings in a very
flattened central layer of cireular motions which makes the initial configuration in all of
our computations, will come into being with the cooperation of gas-dynamical forces.
Thus the arms formed will consist, in the first place, of population I. The action of gas-
dynamical and magneto-hydrodynamic forces in the course of the development of spiral
arms iz difficult to prediet. However, it is evident from the present computations that
gravitation, and gravitational resonance effects in particular, will play a major réle in

delineating the main features of spiral galaxies.

APPENDIX
Descriplion of computing programs

The numerical computations of the present work were carried out by means of a series
of machine programs. There are two main programs (K, F) that integrate the equations of
motion of the mass-points of the models and a number of auxiliary programs. These either
compute a defined portion of the problem and may be included in the other programs
(A, B), or their task is to provide the proper initial positions and velocities for programs
E and F (C, D, G, H).

Program A

This is an auxiliary program that computes, for given R. the central force F(R) in the
galactic plane. This is done by interpolation to the second order with the Newton-Bessel
formula in a table that is contained in the program. The table is essentially Table 1 which
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NGO 1300, Photograph by (. vax Bressroeck with the 82-ineh reflector, Me Donald Observatory.

NGC 1097. Radeliffe 74-inch photograph, NGC 613. Radcliffe 74-inch photograph.
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was derived from the potential in the galactic plane as given by Scumipr (1956). For R > 40
kpe the force is computed by

3012

F(R)="1s

(100 km*/sec®- kpe)
again in accordance with ScHMIDT.
The time required by the program for computing the force is on the average 784 (4 =

the operation time of one addition) or 3 msec.

Program B

Given a system of N mass-points of equal masses m, symmetrically placed with reference
to both coordinate axes (N a multiple of 4), the program computes the gravitational attrac-
tion of this system on a particle in an arbitrary position in the plane. If the distance A
between the particle and one of the mass-points is less than a pre-fixed A,,,,, the force of
attraction will be made proportional to A as is explained in Chapter 1.

The computing time is about 100 ¥ -4 or 4 N msec.

Program C

The program computes the orbit of a particle in the central field F(R). The particle is
supposed to start in the apocentre, the apocentric distance and the initial velocity per-
pendicular to the radius vector being parameters at choice. The program computes suceces-
give positions along the orbit by the Runge-Kutta method of integration (see program K)
with constant step-size, until the radius vector, which is first decreasing, starts to increase
(i.e. R,,; = R)). Then the step is halved and the direction of integration in time converted,
and this is repeated as soon as the radius vector increases again, Thus the particle is brought
to oscillate closer and closer to the pericentre. The position of the pericentre and the time
spent by the particle in the orbit between the apocentre and the pericentre can be computed
in this way with desired accuracy.

The program includes program A for computing £ (R).

Program )

Similarly to program C this program too computes the orbit of a particle in the field
F(R) starting from the apocentre, but now in a rotating coordinate system. The apocentre
is supposed to be situated on the positive y-axis. The aim of the program is to print positions
and vclocities in the first quadrant of an idealized digpersion ring of N particles with in-
finitely small masses. Hence the angular velocity of the coordinate system must be chosen
in such a way that the orbit will be closed. This angular velocity can be computed from data
given by program C.

If T'is the time, according to program C, in which the particle moves from the apocentre
to the pericentre, positions and velocities are first printed after a time } 47/ and subse-
5 — 604367
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quently with intervals of 47/, until the y-coordinate becomes negative, and the computing
stops. The integration step can be chosen as small as is desirable but must be an integral part
of 14T/N.

The program ineludes program A,

Program E

This is the main program of the present work. It computes the motions of ¥ mutually
attracting particles of equal mass in the central field of forces # (R&). The initial positions and
velocities of the N particles are supposed to be symmetrical with regard to the centre so that
a particle of position and velocity (¥, ¥, & #;) is always corresponded to by one of (—x,,
— Y5 —&p —Yi)

If m is the mass of a particlc and ¢ the constant of gravitation, the equations of motion are

da; dy,_’,

dr dr ¥

d & %y G (@, — ;)

- =_F-R e T e T 9%

= PRI R~ 2 ey art | (A1)
diji_ RyLi—s Gm(y,—y)

dt YRy Sl o)+ (s )]

RE=af 4 yis =1, 2, 8. .0y N

On account of the symmetry we need only caleulate motions for one half of the con-

tiguration, and the cquations of motion may be transformed into

day .. dy

dr Hs ai Yi

d; _ F(R )3:3- Gma, o Gmx ) 3 Z__”Gm(.—v,--kx,) 7

dt YR, AR} R, fillwi—a)+ -yl Sl a) @)l (A:2)
dij _ F(R)@_Gm %y Gmy—y) v Gmyty) o
dt YRTAR R, Sl + -yl Sl w5+ @yl

i i=1,29..., =

Starting [rom a given set of initial positions and velocities, this system of 2 N linear dif-
ferential cquations of the first order is numerically integrated by the Runge-Kutta method
(see, for instance, L. Corrnatrz, 1955). In the course of the Runge-Kutta integration the right-
hand members of eqs. (A: 2) are computed at four approximated points within the interval
of one integration step—one at the beginning, two around the middle and one close to the
end of the interval—and certain mean values are taken to give the increase of the dependent
variables. #(R,) is computed by program A which is included in the code. Each term under
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the summation symbols reappears, except for the sign, also in the expressions for dz;/d!
or dy,/dt. The number of such terms to be computed is thus § N (N — 2). The singu]arities
of the differential equations are avoided by an exchange of the Newtonian force of attraction
for another force function at close encounters between particles as is explained in Chapter I.
When the mutual distance A;; =|[(z;F2,)* + (7, = ¥;)*]! becomes less than a certain Ay,
the attractive foree, which we will call 8/, should be proportional to A; ; and the constant of
proportionality such that the force is equal to the Newtonian one for A, =An, or
Gm A,

éf_mﬁ_m; for A;;<Anme

This is achieved by the program simply by replacing A, ; by Apy, for A; ; < Ay No particles
ever came s0 cloge to the centre during the computations that special treatment had to be
given to the second term in the expressions for d&,/d¢ and dy,/d¢ that represent the attrac-
tion between a particle and its symmetrical counterpart.

The Runge-Kutta method is, in the present case, an integration procedure of the fourth
order, i.e. if the increase of a variable is developed as a power series of the step size %, the
coefficients are identical with that of the Tlaylor series up to the term containing 2% In
other words, the truncation error is of the fifth power of 2. Now, in order to exercise control
over this error, each integration step was immediately re-integrated in two steps of half
the size. We call the two values of the variable arrived at in one step and in two steps ¢{"” and
¢ respectively. If we assume that, in the latter case, the error atter the second step is twice
as large as after the first, an assumption that is not proved but that in view of the estimates
of the §,:s of eq. (A: 3) made in test computations (see below) appears to be approximately
right, then the error of the more accurate g should be 1/16 of the error of ¢®.

If
(5; = qu) . qu) (A . 3)

the set of values gi=9P+ -1]-5 0; (A:4)
is accepted for the new configuration.

Thus in one full integration step all the right members of (A: 2) are computed 12 times.

One of the advantages of the Runge-Kutta method is that the size of the integration step
can easily be changed during the computations. Thus the d;:s for positions were used for
an automatic control of the step size. Two parameters I and d are given to the machine.
If any 8, > D the step size is divided by two and the step repeated. If all 6, <d the size of the
next step is doubled. The maximum full step is the machine-unit of time that was 32-10°
years.

After each step the final coordinates and velocities are punched to 0.1 pe and 0.1 pe/32-10°
years respectively. If the computation is interrupted, these valucs may be read into the
machine again as starting values for new computations.

5% — 604567
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log o

A~=32-10 years

h=i6-/0 years

Fig. A: 1. The run of tho mean progressive crror
& (expressed in kpe) a3 a function of the number
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As an independent check on the accuracy of the computations the sum of the areal

velocities
c’“‘é(yii}‘ ;)

ig printed. It can be shown that, for a central force. this sum must be monotonously in-
creasing, the increase in one integration step, %, being proportional to %%, and the rate of
increase with time thus proportional to A5,

The maximum number of mass-points handled in the present computations is N - 192,
The computing time for one step, provided that the step need not be decreased, may be
estimated by

¢ =0m0063 N - 0m000508 N2,
Thus it is 2.5 min for &' = 64 and 20 min for N =192. About 10 %, of this time is spent in
extracting square roots of numbers and about 0m0028-N in printing the results.

The progressive error—In order to investigate the progressive error three integrations
(Nos. 2, 3 and 4) of the dispersion ring I were made with three different step-sizes. Parameters
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for the computations are given in Table A: 2, and the results are illustrated in Fig. 7. In the
run 4, D was given the value 0.15 kpe, which permitted the integration step A to keep its
maximum value of 32-10° years. In run 3 the maximum permitted value of % was lowered
to 16-10% years, and finally in run 2, D was given a very large value and d = 0 so that the
program kept throughout a given initial 2 — 8-10% years.

The computations Nos. 3 and 4 were then compared with No. 2 at a number of different
epochs, and the mean values & of the differences in position between corresponding particles
were computed. Table A: 1 gives the epoch 7', the number of steps » and the mean deviation

TaBLE A:1.

ho=16- 10°% years h=32-10° yoars
/4 & i 4 3
10° years P kpe 10°% years B kpe
16 1 0.0000L04 32 1 0.00064
32 2 0.0000305 64 2 0.0023
96 6 0.00032 96 3 0.0067
192 12 0.0022 192 6 0.062
384 24 0.0098 384 12 0.28
608 38 0.025 576 18 (.60
776 8.5 0.069 768 24 1.11
984 61.5 0.25 u76 30.5 1.96
1176 73.5 1.27 1152 36 3.88

& In Fig. A: 1 log & is plotted against log n, and it is seen that the points adhere fairly well
to straight lines up to » = 50. If & varies with the same power of » in the two cases, the two
lines should be parallel. This condition seems to be well fullfilled up to the time when the
error is of the same order as the dimensions of the configuration, and the equations of the
lines may be approximated by

lﬂg Epyn 0.81 —4 + 2,36 IOg ¥ (A' 5)
log &,-14 = 0.78 — 6 + 2.36 log n. (A: 6)

As n = T/h, we find that, if the integration step is halved, the progressive error at a certain
epoch becomes about 20 times smaller. To allow for the progressive errors of the run with
h =8:10% years, &,.,4 should be increased 5 9, i.e. the constant in eq. (A: 6) be 0.80 — 6

Special test-runs with different D showed that a change from A =32-10% to 2 =16-10¢
in the first step occurred at a value of 1 between 0.09 and 0.1 kpe, and from A = 16-108
to & = 8-10%somewhere around 0.0015 < 1) < 0.0075 kpe. These facts compared with the maxi-
mum values of ¢ in the first step, which are 1-10-3 for % — 32-10% and 3-10-3 for A = 16- 108,
suggests that the §; of eq. (A: 3) is of the order of 100 ¢,. Thus the minimum value of D to
ensure a sufficiently small step-size should be about 200 times the permissible average error
¢, of the first step, if we assume that ¢, .~ 25,. & can be estimated from
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TasLE A:2. Catalogue of computations.

Col. 1: Consceutive numbers,

2: Number of figure where the computation is illustrated.

3: Muchine program.

4: 1nitial configuration of the mass-points. A Roman number stands for the dispersion ring with the same
number. An Arabie number stands for a circular ving with a radius equal to the number with the kpe
as unit. The word “bar” preceding such a number within parenthesis means that the circular ring
carries u bisymmetrical density variation.

5: The number of free mass-points.

6: The mass m of the massive points.

7: The radius of the “‘non-Newtonian™ zone around cach mass-point.

8: The parameter D of the step-size control.

9: The average integration step in the earlier part of the computation.

10: The relative increase of areal veloeity during 10° years with 10-% as unit.
11: Time interval covered by the eomputation.
1 2 3 4 5 6 7 8 9 10 11
. . . ; Apm | D h Acfe T
No. | Fig. |Progr. Configuration N " kpe | kpe | 109 years | 10-¢ | 10 years
1 6 D I 64 1 0.8 A5 32 45 768
2 i K 1 64 1 1.133| — 8 0.05 1192
3 T X L 64 1 1133 — 16 1.8 1176
4 7 E L 64 1 1.133 | .15 32 H4 1264
H 8 E I 6d 1/2 | 1.133| .15 32 H8 864
G 9 B II 48 1 1.133| .15 16 17 1168
7 —- 18 1T 48 4 1.9 15 16 17 352
8 10 E 11T 48 4 1.5 15 16 84 1168
4] (18) F Fixed I +10.5% 64 1 1.133 16 960
10 12 F Fixed I 1111.25 64 1 1.133 16 896
11 13 ¥ Fixed T+ 12 64 1 1.133 16 896
12 14 F Pixed T+13 64 1 1.133 16 1152
13 15 I Fixed T+ 14 64 1 1.133 16 896
14 16 I Fixed T+ 15 34 1 1.133 16 960
15 7 I Fixed T+ 16 64 1 1.133 16 1088
16 —_ F Fixed 1148 48 1 1.133 16 1216
17 = F Fixed 1112 48 1 1.133 16 960
18 — I Fixed 1LL- 6 48 4 1.5 16 832
19 — ¥ Fixed 11[ + 8 48 4 1.5 16 896
20 == F Fixed ILI + 8 48 4 1.5 8 1216
21 — I Fixed TIT+ 10 48 4 1.5 8 576
22 19 E I+13 128 1 1.133| .15 32 23 1104
23 20 L T+11.25 128 1 1.133| .15 32 304 680
24 21 ¥, I+11.25! 128 1 1.133| .15 32 23 1328
25 22 F, K I+11.254 132 192 1 1.133§ .15 32 18 1184
26 23 F,E I+11.251 132 152 1/2 1.133] .15 32 23 1664
27 24 F,E I+101%11.25: 132 192 12 | 1.133| .15 32 18 2448
28 25 F Artific. “bar” (4,31} +4+5 96 142 | 1.133 16 H76
29 — E “Bar” (4.31) 48 4 1.133| .15 16 78 224
30 26 E “Bar” (4.31) 48 4 1.133] .0l 8 2.8 312
31 - i “Bar” (4.31) 48 2 1.133] .01 8 2.3 168
32 27 B “Bar” {4.31)--3.31 96 4 1,133 .15 16 151 320
33 28 R “Bar” (4)-213 1546 192 4 0.7 A5 8 94 168
34 30 E “Bar” (4) 1250 116 4 1133 .01 8 14 848
35 31 E “Bar” () 2+3+5+6 192 2 1.133 | .03 8 8.9 496
36 32 E “Bar” (2)+4+06 116 4 0.7 25 16 36 440
37 — L “Bar” (2)+4+6 116 2 0.7 25 16 256 784
38 — E “Bar” (2)+4+6 116 4 1.133 | .002 4 <2 480

' The dispersion ring was successively formed out of a circular ring during the first 576 - 10° years.

 The dispersion ring was successively formed out of a circular ring during the first 864 - 10° years.

# The configuration Fixed T+ 6 was computed with a slightly different program where the dispersion ring was
fully developed from the start.
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”m

log ¢, —log &7 -2.36 logé (A:7)

where &, is the average error to be permitted after the time 7" and 4 is the larger of the two
most probable step-sizes that, in practice, it is always possible to guess. As the error of one
step is divided by a factor of about 100 when the step is halved, d ought to be about D,/100.

The rclative increase Ac/c of the sum of the areal veloeitics during 109 years is shown
too in Table A: 2, Tt is seen that this increase varies very closely as %% in accordance with the
statement on p. 68.

Program F

This program integrates what may be called the restricted version of the preceding prob-
lem. It computes the motions of N particles of negligible mass under the influence of a
central force F(R) and a fixed configuration of » mass-points in a rotating coordinate
system.

F(R) is computed by program A and the force from the fixed configuration by program B,
which are included in the code. The positions of the » mass-points thus have to satisty the
same conditions as in program B. The maximum of % is 76. In reality there is no upper limit
to the number of free particles N, as they move entirely independently, and the results from
several runs may be combined. The integration step is kept constant, and each step computed
just once. The computing time ¢ of one step is

i = 0m00029 2 N,

As this program works much faster than program E, it is especially suited for making
surveys of first order effects of perturbations from configurations that have proved to possess
a certain degree of stability.

Program G

Given the parameters », ¥, n and R the program computes the force of attraction from a
circular ring with radius r, consisting of ¥ evenly distributed mass-points of mass m, on a
particle at distance R from the centre. This particle is always supposed to he situated on a
linc that bisects the line joining two neighbouring mass-points in the ring.

The program includes program B.

Program H

The task of this program is to produce balanced initial contigurations (positions and
velocities) for programs B and F. The configuration may cither be a civcle, in which case
only the radius, the number of points and the angular velocity have to be read into the
machine, or a dispersion ring, in which case the results from program D are read in, or any
other configuration read into the computer.
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In order to balance the configuration as far as possible for its own gravitation and for
the attraction of other rings, the program can add to the velocities an additional angular
velocity. This angular velocity can be derived from data delivered by program G. A special
possibility to compensate for the self-gravitation of a configuration is available and has been
used generally for dispersion rings. In this case the velocity » for each particle is increased
by the amount dv — (§-/,)/2v where f, is the component at right angles to v of the combined
attraction from all other points of the ring, and § is the mean radius of curvature of the true
orbit. This procedure we will call “individual balaneing™.

Any eombination of such configurations, balanced in different ways, into a larger model

may be made,
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